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Abstract
Kernel methods are versatile in machine learning and statistics. For instance, Kernel two-

sample test induces Maximum Mean Discrepancy (MMD) to compare two distributions and
serves as a distance metric for learning implicit generative models (IGMs). Kernel goodness-
of-fit test, as another example, induces Kernel Stein Discrepancy (KSD) to measure model-
data discrepancy and connects to a variational inference procedure for explicit generative
models (EGMs). Other extensions include time series modeling, graph-based learning, and
more. Despite their ubiquity, kernel methods often suffer from two fundamental limitations:
the difficulty in kernel selection for complex downstream tasks and the tractability of large-
scale problems. This thesis addresses both challenges in several complementary aspects.

In part I, we tackle the issue of kernel selection in learning implicit generative models
(IGMs) with kernel MMD. Conventional methods using a fixed kernel MMD have lim-
ited success on high-dimensional complex distributions. We propose to optimize MMD
with neural-parametrized kernels, which is more expressive and improves the state-of-the-
art results on high-dimensional distributions (Chapter 2). We also formulate kernel selection
problems as learning kernel spectral distributions, and enrich the spectral distributions by
learning IGMs to draw samples from it (Chapter 3).

In part II, we aim at learning suitable kernels for Stein variational inference descent
(SVGD) in explicit generative modeling (EGMs). Although SVGD with fixed kernels shows
encouraging performance in low-dimensional (within hundreds) Bayesian inference tasks, its
success with high-dimensional problems such as image generation is limited. We propose the
noise-conditional kernel SVGD (NCK-SVGD) for adaptive kernel learning, which is the first
SVGD variant successfully scaled up for distributions with the dimension of several thou-
sands, and performs competitively as state-of-the-art IGMs. With a novel entropy regularizer,
NCK-SVGD enjoys flexible control between sample diversity and quality (Chapter 4).

In part III, we address the kernel tractability challenge with variants of random Fourier
features (RFF). We propose to learn non-uniformly weighted RFF, which performs as good
as the uniformly-weighted RFF while demanding less memory (Chapter 5). For the kernel
contextual bandit problem, we reduce the computational cost of the kernel UCB algorithm by
using RFF to approximate the predictive mean and confidence estimate (Chapter 6).

In part IV, We extents kernel learning for time series modeling and graph-based learning.
For change-point detection over time series, we optimize the kernel two-sample test via
auxiliary generative models, acting as surrogate samplers of unknown anomaly distributions
(Chapter 7). For graph-based transfer learning, we construct the graph Laplacian by kernel
diffusion and leverage label propagation to transfer knowledge from source to target domains
(Chapter 8).
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Chapter 1

Introduction

1.1 Motivations and Background

Kernel methods are ubiquitous in machine learning research (Scholkopf and Smola, 2001; Hofmann
et al., 2008) with a broad range of topics, including Support Vector Machines for classi�cation and
regression problems (Cortes and Vapnik, 1995; Drucker et al., 1997), non-linear component analysis for
dimensionality reduction (Schölkopf et al., 1998; Bach and Jordan, 2002), Gaussian Processes for se-
quential modeling and extrapolations (Williams and Rasmussen, 2006), large-scale kernel approximation
techniques (Williams and Seeger, 2001; Rahimi and Recht, 2008), kernel learning based on structured
data such as trees and graphs (Vishwanathan et al., 2004, 2010), and more.

A newly emerging topic in kernel learning is on kernelized discrepancy analysis for generative models.
That is, for optimizing a generative model, we need to measure the discrepancy between the true-data
distribution (denoted asP) and the system-produced distribution (denoted asQ), and to develop tractable
algorithms for minimizing the discrepancy. Kernel methods provide a principled way to specify the
desirable properties of the objective functions and induce analytical forms for solving the optimization
problems (Gretton et al., 2012a; Chwialkowski et al., 2016; Liu et al., 2016).

A fundamental question we need to answer is about how to de�ne or measure the discrepancy between
two distractions. Existing work on this aspect can be divided into two important classes of kernelized
discrepancies, as characterized below.

� Maximum Mean Discrepancy (MMD): Given two easy-to-sample distributionsP andQ, MMD
is adata-to-datametric that de�nes the discrepancyM k (P; Q) over the samples from bothP and
Q, respectively. In other words, no explicit density modeling aboutP nor Q is required. MMD
has been found useful in kernelized two-sample hypothesis testing about two distributions as an
application (Gretton et al., 2012a).

� Kernel Stein Discrepancy (KSD): Given an easy-to-sample distributionP and an explicit density
modelQ, KSD is adata-to-modelmetric that de�nes the discrepancySk (P; Q) via the samples from
P and the gradients of the log-density ofQ. In other words, KSD avoids the sampling process (often
expensive) from an explicit density model. KSD has been found useful for kernelized goodness-of-
�t test as an application (Chwialkowski et al., 2016; Liu et al., 2016).
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In comparison, the main difference between MMD and KSD is that the former only requires samples
from the model distributionQ instead of explicit density information while the latter requires explicit
density modeling of distributionQ without the need for sampling. The complementary perspectives of
MMD and KSD lead to different usages of them in two categories of generative models (Diggle and
Gratton, 1984), as introduced below.

� Implicit Generative Models (IGMs): IGMs model thesamplingprocess that draw novel samples
from underlying data distributions. The most well-known example is Generative Adversarial Net-
works (GANs) (Goodfellow et al., 2014), and recent variants are capable to generate high �delity
samples from high-dimensional complex real-world datasets (Brock et al., 2019; Karras et al.,
2019). Notably, IGMs is implicit as it does not de�ne explicit densities of model distributions.

� Explicit Generative Models (EGMs): EGMs modelexplicit densities of underlying data distribu-
tions. EGMs can be either normalized or un-normalized, where the former often has limited function
classes such as normalization �ow (Dinh et al., 2016), and the later often has powerful expressive
power such as deep energy models (Du and Mordatch, 2019). While un-normalized EGMs learn
robust features for many downstream tasks (Grathwohl et al., 2020), high-dimensional inference of
un-normalized EGMs is expensive when using MCMC sampling (Welling and Teh, 2011).

As IGMs are sampling-based methods, MMD is a natural choice of metric for evaluating the discrep-
ancy betweenP andQ by comparing the generated samples fromQ against real samples fromP. On the
other hand, as EGMs are based on explicit density modeling ofQ, KSD is a natural choice of metric for
evaluating the discrepancy, eluding the expensive MCMC sampling from un-normalized density models
when the dimensionality is high.

KSD also connects to a kernelized variational inference algorithm, namely Stein Variational Gradient
Descent (SVGD) (Liu and Wang, 2016). SVGD iteratively transforms samples to approximate the target
EGMs, with gradient updates that optimally decrease the KL divergence, and the gradient �ow of KL
amounts to the KSD (Liu, 2017). SVGD has shown encouraging results in several low-dimensional
Bayesian inference tasks (Feng et al., 2017; Gong et al., 2019), but how to make it successful in high-
dimensional spaces is an open challenge.

1.2 Challenges

Although kernelized discrepancies offer principled perspectives for learning of IGMs and sampling of
EGMs, the performance of kernel-based algorithms in downstream tasks are often hinged on the choice
of kernels (e.g., which kernel families to use and what kernel hyper-parameters to set). This issue is
commonly known as thekernel selectionproblem (a.k.a., kernel learning or kernel optimization). Kernel
selection for traditional supervised learning settings (e.g., classi�cation with SVMs and regression with
Gaussian Processes) has been studied (Rakotomamonjy et al., 2008; Gönen and Alpayd�n, 2011; Wilson
and Adams, 2013). Nonetheless, how to successfully apply kernelized discrepancies to modern deep
generative modeling problems (e.g., high-dimensional computer vision datasets) is still under explored. In
the scope of this thesis, we aim at providing solutions or insights to the following open research questions:
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1. What kernel function classes are suitable for learninghigh-dimensionalIGMs?

2. What kernel function classes are suitable for drawing samples fromhigh-dimensionalEGMs?

3. How to optimize kernel two-sample test when samples from one distribution areextremely sparse?

4. How to construct an uni�ed kernel when the cross-domain graphs havevery sparse links?

Besides tackling the kernel learning challenge for higher dimensional applications and sample-sparsity
problems, kernel-based algorithms are often suffered from the tractability in the large number of instances
regime. For example, consider solving a linear regression ofn instancesf (x i ; yi )gn

i =1 wherex i 2 Rd and
yi 2 R. The time complexity isO(nd2) and the memory cost isO(nd). Its kernel-based counterpart,
however, requires solving a linear system which takesO(n3) time andO(n2) memory usage. Such
complexity is far from desirable in big-data applications. To overcome the kernel scalability issue, several
kernel approximation techniques have been proposed, and random features (Rahimi and Recht, 2008,
2009) is arguably one of the most elegant and impactful approach. For shift-invariant kernels, the kernel
function can be approximated by an inner product of two random feature maps, hence greatly reducing
time/space complexity to the linear case. In this thesis, we seek to further improve random features by
asking two research questions:

1. Can we derive non-uniformly weighted random features that requires less samples (hence less
memory) while maintaining a similar kernel approximation error?

2. Can we leverage random features to speed-up the kernel contextual bandit algorithms, which solves
sequential decision making problems that heavily rely on the kernel matrix computation?

1.3 Thesis Structure and Contributions

Thesis Statement This thesis aims to advance kernel-based algorithms in two complementary aspects:
the expressiveness of kernel functions for modern complex applications and the tractability of kernel
methods in the large-scale setting (e.g., large data and high-dimensional). The contributions of this thesis
can be summarized into three folds. (1) We propose generic frameworks that optimize deep kernels
for deep generative modeling, including both IGMs and EGMs families; (2) We present non-uniform
random Fourier features for large-scale kernel approximations which enjoys less memory usage and study
applications in kernel contextual bandit problems; (3) We extend kernel learning to two novel applications
with structured information such as time series change-point detection and graph-based transfer learning.

We outline the thesis structure and contributions of the individual chapters below.
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Part I: Learning Kernels for Implicit Generative Modeling. We tackle the kernel selection challenge
when using kernel MMD to learning IGMs. Dziugaite et al. (2015); Li et al. (2015b) are the �rst
pioneering works that train IGMs by minimizing the kernel MMD, without any kernel selection procedure.
Nevertheless, due to the restricted power of simple Gaussian kernels and the sampling variance of empir-
ical estimated MMD, they only achieve limited success on low-dimensional datasets (several hundreds at
most) with simple structure such as MNIST, but fail on high-dimensional distributions (several thousands
and higher) with complex objects such as CIFAR-10, CelebA, and more.

� In Chapter 2, we revisit the kernel two-sample test and introduce its connection with learning IGMs.
We �rst point out the de�ciency of using simple kernel MMD (e.g., pre-de�ned Gaussian kernels)
when training IGMs on high-dimensional data distributions. We then propose to enrich the function
class of MMD via deep neural-parameterized kernels, which also leads to a min-max objective
where the maximization is regarded as the kernel selection procedure, hence the nameMMD GAN.
From the perspective of Integral Probability Metric, we connect MMD GAN with many GAN
frameworks such as state-of-the-art Wasserstein GAN (Arjovsky et al., 2017; Gulrajani et al., 2017).
Quantitative speaking, MMD GAN signi�cantly outperforms its predecessor that did not conduct
kernel learning, and also consistently improves upon state-of-the-art W-GAN on conventional image
generation metric such as Inception score and FID score.

The content of Chapter 2 appears in (Li et al., 2017):
Chun-Liang Li� , Wei-Cheng Chang� , Yu Cheng, Yiming Yang, and Barnabás Póczos.
MMD GAN: Towards deeper understanding of moment matching network. In NeurIPS, 2017.
Code available at:https://github.com/OctoberChang/MMD-GAN

� In Chapter 3, we take a further step to optimize shift-invariant kernels via the lens of kernel spectral
distribution. Existing kernel learning approaches (Gönen and Alpayd�n, 2011; Wilson and Adams,
2013) explicitly model the spectral density with simple exponential families (e.g., mixture of Gaus-
sians), often resulting in limited capacity of kernels. We model the sampling process of kernel
spectral distributions via learning IGMs, which induces an implicit kernel learning (IKL) framework
by constructing kernel evaluations using the Fourier samples draw from the IGMs. The IGMs can be
optimized by back-propagation from task-dependent kernel learning objectives. We demonstrate the
success of IKL framework on training generative models (MMD-GAN IKL) for the unsupervised
image/text generation as well as learning more discriminative kernels for classi�cation.

The content of Chapter 3 appears in (Li et al., 2019):
Chun-Liang Li,Wei-Cheng Chang, Youssef Mroueh, Yiming Yang, and Barnabás Póczos.
Implicit kernel learning. In AISTATS, 2019.
Code available at:https://github.com/OctoberChang/kernel_rff_learn
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Part: II: Learning Kernels for Explicit Generative Modeling. We aim at learning suitable kernels for
Stein Variation Gradient Descent (SVGD) to draw samples from score-based EGMs. Induced from the
Kernel Stein Discrepancy, Stein Variational Gradient Descent (SVGD) (Liu and Wang, 2016; Liu, 2017)
is a deterministic sampling algorithm that iteratively transports a set of particles to approximate a given
distribution, based on functional gradient descent in RKHS. SVGD with simple pre-determined kernels
has shown promising results on several low-dimensional (within hundreds) Bayesian inference tasks.
However, how to make its inference effective and scalable for complex high-dimensional distributions
(several thousands and more) is an open question that have not been studied in suf�cient depth.

� In Chapter 4, we �rst point out the challenge of high-dimension inference is to deal with multi-
modal distributions with many low-density regions, where SVGD can fail even on simple Gaussian
mixtures. To this end, we propose noise-conditional kernel SVGD (NCK-SVGD), where the kernels
are conditionally learned or selected based on the multi-scale noise-perturbed data distributions.
With an additional entropy regularization term in the objective, NCK-SVGD enjoys �exible control
between sample diversity and quality. Quantitatively speaking, NCK-SVGD achieves a new state-
of-the-art FID score of 21.95 on CIFAR-10 among the score-based EGMs, and is comparable to
recent GAN-based models in the IGM family.

The content of Chapter 4 appears in (Chang et al., 2020a):
Wei-Cheng Chang, Chun-Liang Li, Youssef Mroueh, and Yiming Yang.
Kernel stein generative modeling. In submission to NeurIPS 2020 (arXiv:2007.03074).

Part: III: Large-scale Kernel Approximation. We address the kernel scalability challenge (regarding
number of instances) by studying variants of random Fourier features (RFF) (Rahimi and Recht, 2008).
The value of shift invariant kernels can be approximated by an inner product of two Fourier feature maps,
where the Fourier bases are equally-weighted samples draw from the kernel spectral distributions. RFF has
received great attention in the past decade due to its mathematically elegant form and decent performance
on certain classi�cation/regression benchmarks. Recently, many advanced variants (Yang et al., 2014;
Sinha and Duchi, 2016; Yu et al., 2016; Bach, 2017) have been proposed to improve RFF under different
contexts and settings.

� In Chapter 5, we propose to use unequally-weighted Fourier bases to approximate the kernel inte-
gral, backed by a novel bias-variance trade-off insight. While seemingly counter-intuitive, James-
Stein effect (Stein, 1956; Muandet et al., 2014) suggests a family of biased estimators could result
in lower risk than the Monte Carlo estimate. Thus, we consider learning the data-driven reweighing
scheme on RFF via optimizing the kernel approximation error. By lowering variance with slighted
biased estimates, data-driven RFF enjoys better kernel approximation when number of RFF is small,
which results in less memory demand for large-scale applications.

The content of Chapter 5 appears in (Chang et al., 2017a):
Wei-Cheng Chang, Chun-Liang Li, Yiming Yang, and Barnabás Póczos.
Data-driven random Fourier features using stein effect. In IJCAI, 2017.
Code available at :https://github.com/OctoberChang/stein_rff
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� In Chapter 6 we aim to improve the scalability of kernel contextual bandit algorithms, in particular
in the regime of upper-con�dent-bound (UCB) framework. While the kernel UCB enjoys provably
non-regret guarantee, its computational cost is expensive because of iteratively updating the inverse
of the kernel matrix (i.e.,O(KT 3) up to T-trial whereK is number of arm). To this end, we
propose using RFF to approximate the posterior mean and covariance estimate of the Kernel UCB
algorithms. Empirically, we �nd that the number of RFF at the rate ofO(polylog(t)) is suf�cient to
have bounded kernel approximate error of similar regret, and enjoys order of magnitude (e.g., 10x)
faster computation time compared to the exact kernel UCB algorithm.

The content of Chapter 6 appears in (Chang et al., 2019b):
Wei-Cheng Chang, Rajat Sen, Yiming Yang, and Sanjay Shakkottai.
Fast kernel contextual bandits with random Fourier features. Technical Report, 2019.
Code available at:https://github.com/OctoberChang/rff_ucb

Part: IV: Extensions to Time-Series Modeling and Graph-based Learning. Kernel methods also
found applications with structured data information such as time series and graph. In particular, we are
interested in time series change-point detection (CPD) problems, where anomalies occur suggesting a
distribution shift from the history to current time window. We also look at graph-based transfer learning
problems where graph Laplacians can be constructed by different kernel families.

� In Chapter 7, we formulate the time series change-point detection as �nding distribution shift
problems using kernel two-sample test. We �rst demonstrate conventional kernel selection strategies
for kernel two-sample test end up sub-optimal performance when only very sparse (or even no prior)
samples available from anomaly distributions. Thus, we propose to optimize a test power lower
bound via an auxiliary generative model mimicking the sampling process from the anomaly distri-
bution. With deep kernel parameterization, the proposed kernel learning framework can empirically
detects different types of change-points on both synthetic datasets and real-world applications.

The content of Chapter 7 appears in (Chang et al., 2019a):
Wei-Cheng Chang, Chun-Liang Li, Yiming Yang, and Barnabás Póczos.
Kernel change-point detection with auxiliary deep generative models. In ICLR, 2019.
Code available at:https://github.com/OctoberChang/klcpd_code

� In Chapter 8, we focus on the setting of transductive transfer learning where source domains and
target domains have heterogeneous feature space (e.g., English v.s. other languages). One key
challenge of graph-based label propagation methods emerges: how to compute kernel value between
data from different domains if they are not in the same feature space? We propose diffusion kernel
completion to construct an uni�ed graph Laplacian across domains and leverage semi-supervised
label propagation to transfer knowledge from the source to the target domain.

The content of Chapter 8 appears in (Chang et al., 2017b):
Wei-Cheng Chang� , Yuexin Wu� , Hanxiao Liu, and Yiming Yang.
Cross-domain kernel induction for transfer learning. In AAAI, 2017.
Code available at:https://github.com/OctoberChang/KerTL
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Additional Contributions Apart form the kernel-based algorithms for generative models and structured
data, I have also worked on different topics during course of PhD study as listed below.

Large-scale multi-label text classi�cation (Chang et al., 2020c, 2018; Liu et al., 2017)

Wei-Cheng Chang, Hsiang-Fu Yu, Kai Zhong, Yiming Yang, and Inderjit Dhillon.
Taming pretrained transformers for extreme multi-label text classi�cation. In KDD, 2020.
Code available at:https://github.com/OctoberChang/X-Transformer

Wei-Cheng Chang, Hsiang-Fu Yu, Inderjit Dhillon, and Yiming Yang.
SeCSeq: Semantic coding for sequence-to-sequence based extreme multi-label classi�cation.
In NeurIPS CDNNRIA Workshop, 2018.
Code available at:https://github.com/OctoberChang/SeCSeqXMC

Jingzhou Liu,Wei-Cheng Chang, Yuexin Wu, and Yiming Yang.
Deep learning for extreme multi-label text classi�cation. In SIGIR, 2017.

Pre-training tasks for large-scale retrieval (Chang et al., 2020b)

Wei-Cheng Chang, Felix X. Yu, Yin-Wen Chang, Yiming Yang, and Sanjiv Kumar.
Pre-training tasks for embedding-based large-scale retrieval. In ICLR, 2020.

Time series modeling with deep learning (Lai et al., 2018)

Guokun Lai,Wei-Cheng Chang, Yiming Yang, and Hanxiao Liu.
Modeling long-and short-term temporal patterns with deep neural networks. In SIGIR, 2018.
Code available at:https://github.com/laiguokun/LSTNet

Word quality estimation for machine translation (Hu et al., 2018)

Junjie Hu,Wei-Cheng Chang, Yuexin Wu, and Graham Neubig.
Contextual encoding for translation quality estimation. In WMT, 2018.
Code available at:https://github.com/JunjieHu/CEQE
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Part I

Kernel Learning for Implicit Generative
Models
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Chapter 2

Optimizing Kernels for Generative
Moment Matching Network

2.1 Background

Modeling arbitrary density is a statistically challenging task (Wasserman, 2013). For many applications,
however, accurate density estimation is not necessary since we are only interested insamplingfrom
the approximated distribution. Instead of estimating the density ofPX , Implicit Generative Models
(IGM) (Goodfellow et al., 2014; Mohamed and Lakshminarayanan, 2016) starts from a base distribution
PZ overZ , such as Gaussian distributions, then trains a transformation functiong� such thatQ� � PX ,
whereQ� is the underlying distribution ofg� (z) andz � PZ .

In the heart of learning IGMs is to de�ne adistanceD(PX ; Q� ) between the data distributionPX

and the model distributionQ� if we can only access samples from these two distributions. We then
train transformation function (i.e., the generator)g� by optimizing the de�ned distance. Generative
Adversarial Network (GAN) (Goodfellow et al., 2014) train a binary classi�erf � to estimate the distance
betweenPX andQ� , which corresponds to the dual norm of Jensen-Shannon divergence. Using auxiliary
neural networks to estimate different distances for training GANs have been widely studied, such asf -
divergence (Mao et al., 2017; Nowozin et al., 2016). Integral probability metrics (IPM) (Müller, 1997)
is another class of distance for learning IGMs, including total variation (Zhao et al., 2017), Wasserstein
distance (Arjovsky et al., 2017; Gulrajani et al., 2017), Cramer distance (Bellemare et al., 2017), Fisher
IPM (Mroueh and Sercu, 2017), and more.

We focus on learning IGMs with kernel maximum mean discrepancy (MMD), which is also an IPM-
based distance (Gretton et al., 2012a). Speci�cally, Generative moment matching network (GMMN) (Dz-
iugaite et al., 2015; Li et al., 2015b) learns the generatorg� by minimizing the MMD distance, induced by
�xed mixture of Gaussian kernels. However, GMMN do not have promising empirical results comparable
with GAN on challenging benchmarks (Yu et al., 2015; Liu et al., 2015). In this chapter, we improve
GMMN by optimizing deep neural-parameterized kernels for more discriminative MMD distance be-
tweenPX andQ� , and draw a deeper connection between GMMN, two-sample test, kernel learning, and
adversarial training.
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2.2 Two-Sample Test and Generative Moment Matching Network

Assume we are given dataf x i gn
i =1 , wherex i 2 X and x i � PX . If we are interested in sampling

from PX , it is not necessary to estimate the density ofPX . Instead, Generative Adversarial Network
(GAN) (Goodfellow et al., 2014) trains a generatorg� parameterized by� to transform samplesz � PZ ,
wherez 2 Z , into g� (z) � Q� such thatQ� � PX . To measure the distanceD(PX ; Q� ) betweenPX

andQ� via their samplesf xgn
i =1 andf g� (zj )gn

j =1 during the training, Goodfellow et al. (2014) trains the
discriminatorf � parameterized by� for help. The learning is done by playing a two-player game, where
f � tries to distinguishx i andg� (zj ) while g� aims to confusef � by generatingg� (zj ) similar tox i .

On the other hand, distinguishing two distributions by �nite samples is known asTwo-Sample Testin
statistics. One way to conduct two-sample test is via kernel maximum mean discrepancy (MMD) (Gretton
et al., 2012a). Letk be the kernel of a reproducing kernel Hilbert space (RKHS)H k of functions on a
setX . We assume thatk measurable and bounded,supx2X k(x; x ) < 1 . Given a kernelk with regular
conditions, the square of MMD distance between two distributionsP andQ is de�ned as

M k (P; Q) , k� P � � Qk2
H = EP[k(x; x 0)] � 2EP;Q[k(x; y)] + EQ[k(y; y0)]; (2.1)

where� P = Ex� P[k(x; �))] ; � Q = Ey� Q[k(y; �))] are the kernel mean embedding forP andQ.

Theorem 1((Gretton et al., 2012a, Theorem 5, p727)). Given a kernelk, if k is a characteristic kernel,
thenM k (P; Q) = 0 iff P = Q.

One example of characteristic kernel is Gaussian kernelk(x; x 0) = exp( kx � x0k2). Based on
Theorem 1, Li et al. (2015b); Dziugaite et al. (2015) propose generative moment-matching network
(GMMN), which usesM k (P; Q) asD(P; Q) and trainsg� by

min
�

M k (PX ; Q� ); (2.2)

with a �xed Gaussian kernelk rather than training an additional neural-parameterized discriminatorf
as GAN. While GMMN is easy to train without solving a minmax objective as GANs, the empirical
performance is not satisfactory as we show in Figure 2.1.

2.2.1 MMD with Kernel Learning

In practice, we consider �nite samples from two distributions to estimate the MMD distance. Given
X = f x1; � � � ; xng � P andY = f y1; � � � ; yng � Q, one estimator ofM k (P; Q) is

M̂ k (X; Y ) =
1

� n
2

�
X

i 6= i 0

k(x i ; x i 0) �
2

� n
2

�
X

i 6= j

k(x i ; yj ) +
1

� n
2

�
X

j 6= j 0

k(yj ; yj 0):

Because of the sampling variance,̂M (X; Y ) may not be zero even whenP = Q. We then conduct
hypothesis test with null hypothesisH0 : P = Q. For a given allowable probability of false rejection� ,
we can only rejectH0, which imply P 6= Q, if M̂ (X; Y ) > c � for some chose thresholdc� > 0.
Otherwise,Q passes the hypothesis test andQ is indistinguishable fromP under this test. Please refer
to Gretton et al. (2012a) for more details.
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Intuitively, if kernel k cannot result in high MMD distanceM k (P; Q) whenP 6= Q, M̂ k (P; Q) has
more chance to be smaller thanc� . Then we are unlikely to reject the null hypothesisH0 with �nite
samples, which impliesQ is not distinguishable fromP. Therefore, instead of trainingg� via Eq. (2.2)
with a pre-speci�ed kernelk as GMMN, we consider trainingg� via

min
�

max
k2K

M k (PX ; Q� ); (2.3)

which takes different possible characteristic kernelsk 2 K into account. On the other hand, we could also
view Eq. (2.3) as replacing the �xed kernelk in Eq. (2.2) with theadversarially learned kernelvia kernel
learningarg maxk2K M k (PX ; Q� ) to have stronger signal wherePX 6= Q� to traing� . We refer interested
readers to Fukumizu et al. (2009) for more rigorous discussions about testing power and increasing MMD
distances.

However, it is dif�cult to optimize over all characteristic kernels when we solve Eq. (2.3). By Gretton
et al. (2012a,b) iff is an injective function andk is characteristic, then the compositionally-induced kernel
~k = k � f , where~k(x; x 0) = k(f (x); f (x0)) is still characteristic. If we have a family of injective functions
parameterized by� , which is denoted asf � , we are able to change the objective to be

min
�

max
�

M k� f � (PX ; Q� ): (2.4)

We consider the case that combining Gaussian kernels with injective functionsf � , where~k(x; x 0) =
exp(�k f � (x) � f � (x)0k2). One example function class off is f f � jf � (x) = �x; � > 0g, which is
equivalent to the kernel bandwidth tuning. A more advanced realization will be discussed in Section 2.3.
Next, we abuse the notationM f � (P; Q) to be MMD distance given the composition kernel of Gaussian
kernel andf � in the following. Note that Gretton et al. (2012b) consider the linear combination of
characteristic kernels, which can also be incorporated into the discussed composition kernels. More
general kernels are studied in Wilson et al. (2016).

2.2.2 Properties of MMD with Kernel Learning

Arjovsky et al. (2017) discuss different distances between distributions adopted by existing deep learning
algorithms, and show many of them are discontinuous, such as Jensen-Shannon divergence (Goodfellow
et al., 2014) and Total variation (Zhao et al., 2017), except for Wasserstein distance. The disconti-
nuity makes the gradient descent infeasible for training. From Eq. (2.4), we traing� via minimizing
max� M f � (PX ; Q� ). Next, we showmax� M f � (PX ; Q� ) also enjoys the advantage of being a continuous
and differentiable objective in� under mild assumptions.

Assumption 2. g : Z � Rm ! X is locally Lipschitz, whereZ � Rd. We will denoteg� (z) the
evaluation on(z; � ) for convenience. Given a Lipschitzf � and a probability distributionPz over Z , g
satis�es Assumption 2 if there are local Lipschitz constantsL(�; z ) for f � � g, which is independent of� ,
such thatEz� Pz [L (�; z )] < + 1 .

Theorem 3. The generator functiong� parameterized by� is under Assumption 2. LetPX be a �xed
distribution overX andZ be a random variable over the spaceZ . We denoteQ� the distribution ofg� (Z ),
thenmax� M f � (PX ; Q� ) is continuous everywhere and differentiable almost everywhere in� .
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If g� is parameterized by a feed-forward neural network, it satis�es Assumption 2 and can be trained
via gradient descent as well as propagation, since the objective is continuous and differentiable followed
by Theorem 3.

Recall that IPM de�nes the probability distance as

D(P; Q) = sup
f 2F

Ex� P[f (x)] � Ey� Q[f (y)]: (2.5)

With different function classF , we can recover several distances, such as total variation, Wasserstein
distance, and MMD distance. For MMD, the function classF is fk f kH k � 1, whereH is RKHS
associated with kernelk. Different from many distances (e.g., Wasserstein distance), there is an analytical
representation (Gretton et al., 2012a) of MMD-based IPM, which is

M k (P; Q) =

"

sup
f 2H k

Ex� P[f (x)] � Ey� Q[f (y)]

#2

= EP[k(x; x 0)] � 2EP;Q[k(x; y)] + EQ[k(y; y0)]: (2.6)

Thus, GMMN does not require an additional discriminator networkf � to estimate the distanceD(P; Q) =
M k (P; Q). Here, we provide an interpretation of the proposed MMD with kernel learning under the IPM
framework. The MMD distance with adversarial learned kernels is

max
k2K

M k (P; Q) = sup
f 2H k 1 [ :::[H k n

Ex� P[f (x)] � Ey� Q[f (y)];

whereki 2 K ; 8i . The proposed MMD distance with kernel learning is still de�ned by IPM but with a
larger function class. Next, we provemax� M f � (PX ; Q� ) is not only a valid probability distance, but also
enjoys theweak converegenceunder Assumption 2.

Theorem 4. (weak� topology) Letf Png be a sequence of distributions. Consideringn ! 1 , under

mild Assumption 2,max� M f � (PX ; Pn ) ! 0 () Pn
D�! PX , where D�! meansconverging in distribu-

tion (Wasserman, 2013).

Theorem 4 shows thatmax� M f � (PX ; Pn ) is a sensible cost function to the distance betweenPX and
Pn . The distance is decreasing whenPn is getting closer toPX , which bene�ts the supervision of the
improvement during the training. All proofs are omitted to Section 2.6. Next, we introduce a practical
realization of trainingg� by optimizingmin � max� M f � (PX ; Q� ).

2.3 MMD GAN

To approximate Eeq. (2.4), we use neural networks to parameterizedg� andf � with expressive power.
For g� , the assumption is locally Lipschitz, where commonly used feed-forward neural networks satisfy
this constraint. Also, gradient5 � (max� f � � g� ) has to be bounded, which can be done by weight
clipping� (Arjovsky et al., 2017) or gradient penalty (Gulrajani et al., 2017). The non-trivial part isf � has
to be injective. For an injective functionf , there exists an functionf � 1 such thatf � 1(f (x)) = x; 8x 2 X
andf � 1(f (g(z))) = g(z); 8z 2 Z 1, which can be approximated by an autoencoder. In the following, we

1Note that injective is not necessary invertible.
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denote� = f � e; � dg to be the parameter of discriminator networks, which consists of an encoderf � e , and
train the corresponding decoderf � d � f � 1 to regularizef . The objective (2.4) is relaxed to be

min
�

max
�

M f � e
(P(X ); P(g� (Z ))) � � Ey2X [ g(Z )ky � f � d (f � e (y))k2: (2.7)

Note that Bínkowski et al. (2018) extend the analysis of Theorem 3 to get rid of the injective constraint.
Our empirical study suggests autoencoder objective is not necessary to the success of MMD GAN training
as we will show in Section 2.4.5, which is consistent with Bińkowski et al. (2018).

The proposed algorithm is similar to GAN (Goodfellow et al., 2014), which aims to optimize two
neural networksg� and f � in a minmax formulation, while the meaning of the objective is different.
In Goodfellow et al. (2014),f � e is a discriminator (binary) classi�er to distinguish two distributions. In
the proposed algorithm, distinguishing two distribution is still done by two-sample test via MMD, but with
an adversarially learned kernel parametrized byf � e . g� is then trained to pass the hypothesis test. Because
of the similarity of GAN, we call the proposed algorithmMMD GAN. We present an implementation with
the weight clipping in Algorithm 1, but one can easily extend to other Lipschitz approximations, such as
gradient penalty Gulrajani et al. (2017).

Algorithm 1: MMD GAN, our proposed algorithm.
input : � the learning rate,c the clipping parameter,B the batch size,nc the number of

iterations of discriminator per generator update.
initialize generator parameter� and discriminator parameter� ;
while � has not convergeddo

for t = 1 ; : : : ; nc do
Sample a minibatchesf x i gB

i =1 � P(X ) andf zj gB
j =1 � P(Z )

g�  r � M f � e
(P(X ); P(g� (Z ))) � � Ey2X [ g(Z )ky � f � d (f � e (y))k2

�  � + � � RMSProp(�; g � )
�  clip(�; � c; c)

Sample a minibatchesf x i gB
i =1 � P(X ) andf zj gB

j =1 � P(Z )
g�  r � M f � e

(P(X ); P(g� (Z )))
�  � � � � RMSProp(�; g � )

2.3.1 Feasible Set Reduction

Theorem 5. For any f � , there existsf 0
� such thatM f � (Pr ; Q� ) = M f 0

�
(Pr ; Q� ) and Ex [f � (x)] �

Ez[f � 0(g� (z))] :

With Theorem 5, we could reduce the feasible set of� during the optimization by solving

min
�

max
�

M f � (Pr ; Q� )s:t: E[f � (x)] � E[f � (g� (z))]

which the optimal solution is stillequivalentto solving (2.3). However, it is hard to solve the constrained
optimization problem with backpropagation. We relax the constraint by ordinal regression (Herbrich et al.,
1999) to be

min
�

max
�

M f � (Pr ; Q� ) + � min
�
E[f � (x)] � E[f � (g� (z))] ; 0

�
;
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which only penalizes the objective when the constraint is violated. In practice, we observe that reducing
the feasible set makes the training faster and stabler.

2.3.2 Encoding Perspectives and Relations to WGAN

Besides from using kernel selection to explain MMD GAN, the other way to see the proposed MMD
GAN is viewing f � e as a feature transformation function, and the kernel two-sample test is performed
on this transformed feature space (i.e., the code space of the autoencoder). The optimization is �nding
a manifold with stronger signals for MMD two-sample test. From this perspective, GMMN (Li et al.,
2015b; Dziugaite et al., 2015) is the special case of MMD GAN iff � e is the identity mapping function.
In such circumstance, the kernel two-sample test is conducted in the original data space.

If we compositef � with linear kernel instead of Gaussian kernel, and restricting the output dimension
h to be1, we then have the objective

min
�

max
�

kE[f � (x)] � E[f � (g� (z))]k2: (2.8)

Parameterizingf � andg� with neural networks and assuming9� 0 2 � suchf 0
� = � f � ; 8� , recovers

Wasserstein GAN (WGAN) (Arjovsky et al., 2017)2. If we treatf � (x) as the data transform function,
WGAN can be interpreted as �rst-order moment matching (linear kernel) while MMD GAN aims to match
in�nite order of moments with Gaussian kernel form Taylor expansion (Li et al., 2015b). Theoretically,
Wasserstein distance has similar theoretically guarantee as Theorem 1, 3 and 4. In practice, Arora et al.
(2017) show neural networks does not have enough capacity to approximate Wasserstein distance. In
Section 7.4.1, we demonstrate matching high-order moments bene�ts the results. Mroueh et al. (2017) also
propose McGAN that matches second order moment from the primal-dual norm perspective. However, the
proposed algorithm requires matrix (tensor) decompositions because of exact moment matching (Zellinger
et al., 2017), which is hard to scale to higher order moment matching. On the other hand, by giving up
exact moment matching, MMD GAN can match high-order moments with kernel tricks.

Difference from Other Works with Autoencoders Energy-based GANs (Zhao et al., 2017; Zhai et al.,
2016) also utilizes the autoencoder (AE) in its discriminator from the energy model perspective, which
minimizes the reconstruction error of real samplesx while maximize the reconstruction error of generated
samplesg� (z). In contrast, MMD GAN uses AE to approximate invertible functions by minimizing
the reconstruction errors ofboth real samplesx and generated samplesg� (z). Also, Arjovsky et al.
(2017) show EBGAN approximates total variation, with the drawback of discontinuity, while MMD GAN
optimizes MMD distance. The other line of works (Kingma and Welling, 2013; Makhzani et al., 2015; Li
et al., 2015b) aims to match the AE codespacef (x), and utilize the decoderf dec(�). Kingma and Welling
(2013); Makhzani et al. (2015) match the distribution off (x) andz via different distribution distances and
generate data (e.g. image) byf dec(z). Li et al. (2015b) use MMD to matchf (x) andg(z), and generate
data viaf dec(g(z)) . The proposed MMD GAN matches thef (x) andf (g(z)) , and generates data viag(z)
directly as GAN. Ulyanov et al. (2017) is similar to MMD GAN but it considers KL-divergence without
showing continuity and weak� topology guarantee.

2Theoretically, they are not equivalent but the practical neural network approximation results in the same algorithm.
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2.4 Experiments and Results

Datasets We train MMD GAN for image generation on the MNIST (LeCun et al., 1998), CIFAR-10
(Krizhevsky and Hinton, 2009), CelebA (Liu et al., 2015), and LSUN bedrooms (Yu et al., 2015) datasets,
where the size of training instances are 50K, 50K, 160K, 3M respectively.

Network Architecture and Kernel Designs In our experiments, we follow the architecture of DC-
GAN (Radford et al., 2016) to designg� by its generator andf � by its discriminator except for expanding
the output layer off � to beh dimensions. The loss function of MMD GAN is implicitly associated with
a family of characteristic kernels. Similar to the prior works (Dziugaite et al., 2015; Li et al., 2015b;
Sutherland et al., 2017), we consider a mixture ofK RBF kernelsk(x; x 0) =

P K
q=1 k� q (x; x 0) wherek� q

is a Gaussian kernel with bandwidth parameter� q. Tuning kernel bandwidth� q optimally still remains
an open problem. In this works, we �xedK = 5 and� q to bef 1; 2; 4; 8; 16g and left thef � to learn the
kernel (feature representation) under these� q.

Hyper-parameters We use RMSProp (Tieleman and Hinton, 2012) with learning rate of0:00005for a
fair comparison with WGAN as suggested in Arjovsky et al. (2017). We ensure the boundedness of model
parameters of discriminator by clipping the weights point-wisely to the range[� 0:01; 0:01]as required by
Assumption 2. The dimensionalityh of the latent space is manually set according to the complexity of
the dataset. We thus useh = 16 for MNIST, h = 64 for CelebA, andh = 128 for CIFAR-10 and LSUN
bedrooms. The batch size is set to beB = 64 for all datasets.

2.4.1 Qualitative Analysis

Comparison with GMMN We start with comparing MMD GAN with GMMN on two standard bench-
marks, MNIST and CIFAR-10. We consider two variants for GMMN. The �rst one is original GMMN,
which trains the generator by minimizing the MMD distance on the original data space. We call it
as GMMN-D. To compare with MMD GAN, we also pretrain an autoencoder for projecting data to a
manifold, then �x the autoencoder as a feature transformation, and train the generator by minimizing the
MMD distance in the code space. We call it asGMMN-C. The results are pictured in Figure 2.1. Both
GMMN-D and GMMN-C are able to generate meaningful digits on MNIST because of the simple data
structure. By a closer look, nonetheless, the boundary and shape of the digits in Figure 2.1a and 2.1b are
often irregular and non-smooth. In contrast, the sample digits in Figure 2.1c are more natural with smooth
outline and sharper strike. For CIFAR-10 dataset, both GMMN variants fail to generate meaningful
images, but resulting some low level visual features. We observe similar cases in other complex large-
scale datasets such as CelebA and LSUN bedrooms, thus results are omitted. On the other hand, the
proposed MMD GAN successfully outputs natural images with sharp boundary and high diversity. The
results in Figure 2.1 con�rm the success of the proposed adversarial learned kernels to enrich statistical
testing power, which is the key difference between GMMN and MMD GAN.

If we increase the batch size of GMMN to1024, the image quality is improved, as shown in Figure 2.2.
However, it is still not competitive to MMD GAN withB = 64. This demonstrates that the proposed
MMD GAN can be trained more ef�ciently than GMMN with smaller batch size.
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(a) GMMN-D, MNIST (b) GMMN-C, MNIST (c) MMD GAN, MNIST

(d) GMMN-D, CIFAR-10 (e) GMMN-C, CIFAR-10 (f) MMD GAN, CIFAR-10

Figure 2.1: Generated samples from GMMN-D (Dataspace), GMMN-C (Codespace) and our MMD GAN
with batch sizeB = 64.

(a) GMMN-D, MNIST (b) GMMN-C, MNIST (c) GMMN-D, CIFAR-10 (d) GMMN-C, CIFAR-10

Figure 2.2: Generative samples from GMMN-D and GMMN-C with training batch sizeB = 1024.

Comparing with GANs There are several representative extensions of GANs. We consider recent state-
of-art WGAN (Arjovsky et al., 2017) based on DCGAN structure Radford et al. (2016), because of the
connection with MMD GAN. The results are shown in Figure 2.3. For MNIST, the digits generated from
WGAN in Figure 2.3a are more unnatural with peculiar strikes. In Contrary, the digits from MMD GAN
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(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2.3: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

in Figure 2.3d enjoy smoother contour. Furthermore, both WGAN and MMD GAN generate diversi�ed
digits, avoiding the mode collapse problems appeared in the literature of training GANs. For CelebA,
we can see the difference of generated samples from WGAN and MMD GAN. Speci�cally, we observe
varied poses, expressions, genders, skin colors and light exposure in Figure 2.3b and 2.3e. By a closer
look (view on-screen with zooming in), we observe that faces from WGAN have higher chances to be
blurry and twisted while faces from MMD GAN are more spontaneous with sharp and acute outline of
faces. As for LSUN dataset, we could not distinguish salient differences between the samples generated
from MMD GAN and WGAN.

2.4.2 Quantitative Evaluation

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score (Salimans et al., 2016) on CIFAR-10 images. The inception score is used for GANs to measure
samples quality and diversity on the pretrained inception model (Salimans et al., 2016). Models that
generate collapsed samples have a relatively low score. Table 2.1 lists the results for50K samples
generated by various unsupervised generative models trained on CIFAR-10 dataset. The inception scores
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of DFM (Warde-Farley and Bengio, 2017), ALI (Dumoulin et al., 2017) and Improved-GAN (Salimans
et al., 2016) are directly derived from the corresponding references.

Although both WGAN and MMD GAN can generate sharp images as we show, our score is better
than other GAN techniques except for DFM (Warde-Farley and Bengio, 2017). This seems to con�rm
empirically that higher order of moment matching between the real data and fake sample distribution
bene�ts generating more diversi�ed sample images. Also note DFM appears compatible with our method
and combing training techniques in DFM is a possible avenue for future work.

Method Scores� std.

Real data 11:95� :20

DFM (Warde-Farley and Bengio, 2017) 7.72
ALI (Dumoulin et al., 2017) 5.34

Improved GANs (Salimans et al., 2016) 4.36

MMD GAN 6.17� .07
WGAN 5.88� .07

GMMN-C 3.94� .04
GMMN-D 3.47� .03

Table 2.1: Inception scores of MMD GAN and different GAN algorithms.

2.4.3 Stability of MMD GAN

(a) MNIST (b) CelebA (c) LSUN Bedrooms

Figure 2.4: Training curves and generative samples at different stages of training. We can see a clear
correlation between lower distance and better sample quality.

We further illustrate how the MMD distance correlates well with the quality of the generated samples.
Figure 2.4 plots the evolution of the MMD GAN estimate the MMD distance during training for MNIST,
CelebA and LSUN datasets. We report the average of theM̂ f � (PX ; P� ) with moving average to smooth
the graph to reduce the variance caused by mini-batch stochastic training. We observe during the whole
training process, samples generated from the same noise vector across iterations, remain similar in nature.
(e.g., face identity and bedroom style are alike while details and backgrounds will evolve.) This qualitative
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