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Abstract
This thesis develops a framework to investigate and design novel optimization

methods for two important problems: computational advertising (particularly, spon-
sored search) and wind farm turbine-layout planning. Whereas very different in
specifics, both problems share some common abstractions. The existing solution in
sponsored search is based on a greedy pay-per-click auction and is suitable only for
advertisers seeking a direct response. It does not apply to advertisers who target cer-
tain numbers of clicks in a predefined time period. To address this new challenge,
we introduce a unified optimization framework combining pay-per-click auctions
and guaranteed delivery in sponsored search. Our new method maximizes the rev-
enue of the search engine, targets a guaranteed number of ad clicks per campaign for
advertisers willing to pay a premium, and enables keyword auctions for all others.
Results combining revenue to the search engine and click rates for the advertisers
show superior performance over strong baselines.

The proposed framework is based on linear programming with delayed column
generation for computational tractability at scale. We design a game theoretic ap-
proach to optimize the strategy for individual advertisers, i.e. to optimize their
choices between auctions and guaranteed delivery, and analyze the behavior of the
new market formed by our framework. Specifically, we introduce a new method for
computing the approximate Nash equilibrium where an exact computation would
prove computationally intractable. We rely on approximations of complex utility
functions, a combination of simulated annealing and integer linear programming as
our principled approach. Wind farm layout optimization is the selection of optimal
locations for placement of large wind turbines taking into account factors such as
topographical features, prevalent but non-constant wind direction and turbine-wake
interference. Existing approaches are deficient in their inability to consider long
distance turbine interference, changing wind speed and direction and multiple types
of wind turbines in optimization. The dissertation develops an optimization frame-
work based on a scalable divided-and-conquer strategy that enables scalability to
real-world wind farm scales taking into account the aforementioned complexities in
the optimization process. Essentially the process optimizes in a hierarchical manner
at different levels of granularity. This hierarchical decomposition approach to opti-
mization is common to both search-advertisement and wind-farm layout challenges.
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Chapter 1

Introduction

This dissertation addresses two open problems in scalable optimization: 1) Search-engine adver-
tisement optimizing for revenue and end-user click-through rates, combining guaranteed delivery
and keyword auctions, and 2) Layout of different types of turbines in a large-scale wind farm, tak-
ing into account wind speed, direction, and both short-range and long-range wake interference.
Whereas the two problems are very different in their specifics, both engender greater complexity
than simpler optimization problems addressed before in each domain, both present challenges
in computational tractability, and both are addressed via a new hierarchical divide-and-conquer
technique, in addition to domain specific approximate methods.

The first optimization problem arises in online advertising, specifically in sponsored search.
The marketing strategies of online advertisers are of two kinds: those directly engaging with
search engine responses and a pay-per-click auction strategy, and those focusing on guaranteed
delivery (GD) of the number of total clicks and a pay-per-campaign strategy. It has been a com-
mon assumption that the advertisers in sponsored search target the direct response and prefer
keyword auctions but in reality what they really care about is the number of leads (clicks) to
the websites in a certain period of time. The keyword auction algorithms are greedy, they do
not take into account global constraints and cannot guarantee the long term performance. The
existing optimization algorithms that could take long term goals into account face serious scala-
bility issues. Their other limitation is a lack of principled way to solve the problem at the right
granularity level. Modeling the granularity of the allocation is essential to balance tractability
and accuracy of the solution.

To solve this problem and satisfy the needs of the advertisers we introduce the optimization
framework for joint modeling of keyword auctions and guaranteed delivery. In our framework the
advertiser can choose one of the two investment strategies (auctions or GD) for the advertisement
campaign. Optimal ad allocation is decided by a linear program with the combination of revenue
and click-through rate as the objective function, and budget limits of auction advertisers and click

1



goals of GD advertisers as constraints. To model the problem at the right granularity level we
cluster the query submissions according to predicted user intentions. To address the scalability
we develop a new hierarchical decomposition technique that partitions the problem into multiple
independent sub-problems whilst the parameters of the partitioning are decided by the master
optimization task. Thus, the framework is reformulated into a bi-level program. This technique
results in 1000-fold improvement of computation time. Overall, we achieve 3% improvement of
search engine revenue and 13.2% improvement of click-through rate.

We investigate our framework not just from the search engine’s perspective but also from
the advertisers’ perspective. Specifically, we optimize the choices of individual advertisers be-
tween auctions and GD in the competitive sponsored search environment using the instruments
of game theory. Nash equilibrium is the central concept in game theory that allows the analysis
of the strategic interaction of multiple players. However, no existing methods can compute the
equilibrium of a game with thousands of players whose utility functions cannot be expressed as
closed-form expressions. To address the above difficulty, we propose a novel approach to finding
Nash equilibrium via local linear approximations of the advertisers’ utility functions. We use a
combination of simulated annealing and integer linear programming to find the ε-approximate
equilibrium for a set of linear utilities. We find the solution with 94.5% advertisers happy with
their strategy, compared to 78.5% achieved by the baseline. The potential aggregate loss of
unhappy advertisers is only 0.5% of the social welfare compared to 8% of that by the baseline.

The second problem investigated in this work is the wind farm layout optimization. Little
work has been done on constructing global optimization frameworks for wind farm layouts. A
lot of decisions in the industry are made in an adhoc manner which leads to poor and inefficient
designs even for small 1-turbine farms. Such important factors as multiple types of turbines in a
single layout, varying wind speed and direction and long distance turbine interference (wake ef-
fect) are often ignored in the scientific literature due to a lack of scalable optimization algorithm.

To address the limitations of the existing solutions we propose an integer linear programming
formulation of wind farm optimization on a coordinate grid. We model all the factors mentioned
above, namely, multiple types of turbines in a single layout, varying wind speed and direction
and long distance turbine interference. The main challenge is the efficiency, determined by the
size of the problem and the computational complexity of the solution. Our solution is based on
hierarchical decomposition. We partition the wind farm into a number of small regions. The
optimal placement of a given number of turbines within a region is solved independently of other
regions. To find the optimal distribution of turbines across the regions we formulate the master
optimization problem. This decomposition allows us to use a superior quadratic model of turbine
interference in the master problem compared to the linear model used in the baseline solution.
For large (10km by 10km) wind farms with hundreds of turbines our solution achieves up to 25%
improvement of power output and several orders of magnitude speedup.

The thesis is organized as follows. We describe our solution for sponsored search in chapters

2



2, 3 and 4. Each chapter addresses different limitations of the existing solutions and explores
different aspects of the problem. In chapter 2 we introduce the field of online advertising, for-
mulate our joint modeling framework for auctions and GD in sponsored search and derive our
optimization algorithm. Chapter 3 concerns two interrelated issues: granularity of the alloca-
tion and scalability of the algorithm. We introduce our hierarchical optimization solution. In
Chapter 4 we study the optimal choice between auctions and guaranteed delivery and present
our algorithm for Nash equilibrium computation. In chapter 5 we describe our wind farm layout
optimization solution.

3
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Chapter 2

Unified Optimization Framework for
Auctions and Guaranteed Delivery in
Sponsored Search

2.1 Introduction

Sponsored search is an important means of Internet monetization, and is the driving force of
major search engines today. It has sustained a market of tens of billions of dollars, and the
market size is still growing very fast [35] [72]. The success of sponsored search is in part due
to its business model, and in part due to its strong technical foundation in information retrieval,
data mining, machine learning, and algorithmic economics.

Currently, sponsored search works in the following manner. When a user submits a query
to a search engine, in addition to the regular search results (also called organic), a list of the
advertisements (ads) is also presented to the user. The ads can be displayed in the side panel, on
top of the organic results or even mixed with them, see the figure 2.1. If the user clicks on one of
these ads, the advertiser will be charged with a certain amount of money. The selection, ranking,
and pricing of the ads are determined by an auction mechanism which is usually referred to as a
pay-per-click auction, and the most popular mechanism is generalized second price (GSP) [26],
where the ads are ranked according to their expected values (the predicted click probability of an
ad times the bid price given by the advertiser), and the advertisers are charged according to the
second-price rule. That is, the cost per click is the minimum bid price required to keep a given ad
in its current rank position. An increasing amount of research has been conducted on improving
the pay-per-click auction, such as prediction of the click probability in a more accurate manner
[16] [32] [73], optimization of ad presentation to increase click probability [41], and introduction
of more effective ranking and pricing rules [26] [25] [22] [58] [15] [64].

5
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Figure 2.1: Screenshot of a search results page. The search string is “dslr camera”. The top result
in the left panel and the whole right panel are paid ads.

Another popular marketing strategy in online advertising is called guaranteed delivery (GD)
where the ads are grouped by theme into campaigns, and each campaign has a price for the pre-
specified number of clicks or impressions, called deliveries. Each campaign is typically involved
with multiple ads, and a pre-specified period of time for each ad. Comparing GD with the pay-
per-click auction, the latter focuses on the winning of each individual auction (i.e., a micro-level
optimization), while the former concentrates on the campaign-level (macro-level) success for
grouped ad impressions or clicks. Most popular GD solutions are based on offline optimization
algorithms, adjusted for online setup [39, 67, 68]. Linear Programming (LP) is the core of these
techniques due to its flexibility and the availability of efficient algorithms. The limitations of LP
include inability to model all-or-nothing campaigns when the advertisers only pays if the click
goal is reached or bonus campaigns when the price per click increases if a certain click goal
is reached [9]. Presence of such campaigns requires integer linear programming that is much
harder to solve.

Can the strengths of both pay-per click auction and GD be combined in sponsored search?
Furthermore, how to model both in a unified optimization framework? Those meaningful ques-
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tions have not been studied before. Answering these questions with a principled solution is one
of the contributions of this work and this chapter specifically. By doing so, we will be able to
provide the advertisers with more powerful and flexible means to achieve their marketing goals,
as well as help search engines to attract more advertisers in a long run.

The pay-per-click auction has been the main focus in sponsored search while GD is a domi-
nating solution in display advertising. Since GD has not been used in sponsored search before we
explain our interest in this model and why it is important to introduce it to the sponsored search.
We start with the intuition and back it up with a simple study of the advertisers in Microsoft’s
Bing search engine (www.bing.com). Obviously both strategies are important for search engine
revenue and for the needs of the users (advertisers and searchers). Even the advertisers, who
target immediate response, measure their success at the campaign level, e.g., the total number
of ad impressions, clicks and actions, and the average cost per click in a certain period of time.
For instance, these metrics are included in the report generated by Microsoft Ad Center for the
advertisers. Other advertisers, given the high user traffic in search, want to promote their brands
through sponsored search, in addition to the conventional channels such as TV and newspaper for
brand marketing [55]. Such advertisers also set campaign-level budgets for pre-defined numbers
of reaches to the users (i.e., ad impressions) or the numbers of leads (i.e. clicks) to the adver-
tisers’ websites. There are many technical articles discussing how to enhance brand awareness
by the means of sponsored search [44] [71]. Some of those articles show that brand-oriented ads
for news queries or other indirect/irrelevant queries may hurt the experiences of search users,
and suggest that the advertisers should bid on relevant keywords even if their campaign goals are
brand awareness.

Why cannot the current approaches in pay-per-click auctions provide guaranteed campaign
level performance? The reason is that the auctions are run greedily per individual query, not
taking into account the total budgets and the total number of targeted deliveries (ad impressions
or clicks) as global optimization criteria. As a result, often a significant portion of the bud-
gets allocated by advertisers remains unused, meaning that the advertisers cannot reach their
expected campaign goals. Our analysis of one-month of auctions of Bing search engine shows
that the used-budget ratio is only around 10% on average, see the figure 2.2. This problem is
caused by the inexpressiveness of auctions and is acknowledged by other researchers. Attempts
to incorporate global constraints into sponsored search auctions inevitably lead to the need of
global optimization: [1, 23, 56]. Existing approaches mainly focus on the advertisers whose
budgets are running out, and not on the advertisers who cannot reach their targets in spending
and click-through numbers. Feldman et al. mention in [30] that their model can accommodate
both budgeted and inventory constraint bidders, however, no actual investigation was done. Other
limitations of the existing models include (not necessarily simultaneously) single slot auctions
instead of multiple slot auctions, the first price payment rule instead of the second price payment
rule, payment per impression instead of payment per click and the lack of experimental results.
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Figure 2.2: Distribution of campaigns according to the used budget ratio in one-month auctions
of Bing search engine. The campaigns are put into 100 bins that correspond to 1-100 percentiles.
The y-axis (in log scale) measures the number of campaigns in the corresponding bin.

The straightforward adaptation of the existing GD mechanisms (with efficient optimization
solutions) in sponsored search might not work well. GD in display advertising provides the
premium advertisers with a performance guarantee (or in other words a quality of service), e.g.,
a pre-defined number of impressions of their ads. The advertisers usually need to pay more
for the guaranteed ad impressions than the non-guaranteed ad impressions. In contrast, small-
business advertisers play an important role in sponsored search, and both guaranteed and non-
guaranteed (auction-based) impressions and/or clicks are important because each kind is desired
by a significant portion of the advertisers (premium advertisers vs. small-business advertisers).

To combine the strengths and to address the limitations of the two models, we introduce a
unified optimization framework for combining GD and pay-per-click auctions. Specifically, we
formulate the optimization problem using linear programming. The objective is the revenue of
the search engine or alternatively a combination of the revenue and the number of clicks. The
constraints include the budget limits in auctions and the guaranteed click numbers in GD. In-
spired by [1], we use delayed variable generation also known as delayed column generation [46]
to handle the exponential number of combinatorial constraints in multiple item auctions. To se-

8



lect the best variables (each variable corresponds to a ranked list of ads), we solve a dynamic
programming problem that takes the special structure of the ad allocation and pricing mecha-
nisms into account. To our knowledge, this is the first work in the literature of sponsored search
that addresses advertisers’ needs of both direct-response marketing and brand marketing using
joint optimization of GD and auctions.

The chapter is organized as follows. First, we introduce the existing keyword auctions and
guaranteed delivery solutions. In section 2.4 we introduce the unified framework: we formulate
the problem as a linear program with delayed column generation. Section 2.5 presents some
natural modifications of the formulation. In section 2.6 we explain how to apply the results of
the offline optimization to the online allocation. In section 2.7 we report our experimental results
and the comparison with the representative baseline methods.

2.2 Generalized Second Price Keyword Auction

A keyword auction based on Generalized Second Price (GSP) auction is commonly used by
major search engines in sponsored search [26]. The advertiser selects a set of search keywords
that are relevant to his ad. For example, a sports goods store willing to advertise its new summer
collection can select the keywords “shoes”, “running” and “Nike”. The advertiser also indicates
the bid: how much he is willing to pay if his ad is clicked and the query contains one of the
selected keywords. For example, 10 cents for a query that contains the keyword “shoes” and
50 cents for a query that contains the keyword “running” or “Nike”. Whenever a new query
is submitted the search engine identifies all the advertisements that bid on one or several query
terms; ranks their ads and displays several top-ranked ads alongside the search results. The
advertiser pays the search engine if his/her ad is clicked (a so called cost-per-click model, CPC).

Several ads of one advertiser that share a single idea and theme are grouped into adver-
tising campaigns. The advertiser may select different keywords and bids for different ads of
one campaign. For example “The new collection of basketball shoes” advertisement can bid on
basketball-related keywords while “The new collection of running shoes” can bid on running-
related keywords. It is important to note that the advertisers set specific goals, such as budget
limitations, for campaigns and not for individual ads.

For every query the search engine selects relevant ads from the campaigns whose remaining
budget exceeds a certain threshold and ranks them according to their quality and the bid amount.
Usually the probability of a click is used as a proxy for the ad quality. The click probability
is often computed as a product of two independent quantities: the advertisement specific click
probability and the position bias that depends on the placement of the ad:

Pclick = Pad(query, user, ad) · Pbias(pos) (2.1)
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The same ad has higher chance to be clicked when displayed on the top of the page rather than
in the bottom. The position bias is normalized so that the best spot pos = 1 on top of the page
has Pbias(1) = 1. The ad specific probability, Pad(query, user, ad), in this case corresponds to
click probability when the ad is displayed on the top spot. It depends on the relevance of the ad
to the query and the needs of a particular user who submits the query. The problem of click
probability prediction is out of the scope of this work. The reader can get more information on
this topic in [16, 32, 41, 73]. In this work we use pclick predictions generated by a production
regression module of the Bing search engine. We will use the term pclick as the abbreviation for
“click probability of an ad”.

The search engine ranks the ads according to the rank score which is a product of the bid
amount and ad-specific click probability Pad:

Score = Bid(query, ad) · Pad(query, user, ad) (2.2)

The ads above the quality threshold will be displayed. There is a limit on the maximum number
of ads that can be displayed for a particular query. The ad with the highest score will be displayed
on the best spot with the highest Pbias (usually the top spot12.), the ad with the second highest
score will be displayed on the second spot etc. The amount that the advertiser pays when the
ad is clicked is determined by the generalized second price rule and equals the smallest bid that
would preserve his position in the ranking:

Bid(ai) · Pad(ai) ≥ Bid(ai+1) · Pad(ai+1) (2.3)

In this formula the argument ai is the advertisement displayed in the position i. The arguments
query and user are omitted for the sake of compactness. Accordingly, the smallest bid amount
Bidmin(ai) for the ad ai to preserve the position above the ad ai+1 is

Bidmin(ai) = Pad(ai+1)/Pad(ai) ·Bid(ai+1) (2.4)

It is easy to see that the expected payment for the ad in position i is:

E[Payment(ai)] = Pclick(ai)Payment(ai) = Pad(ai+1)Bid(ai+1)Pbias(i) (2.5)

and the expected payment for the whole list is:

E[Payment] =
K∑
i=1

Pad(ai+1)Bid(ai+1)Pbias(i) (2.6)

1The spots above the organic search results have the highest quality, then go the spots in the side panel. The
positions above the main search results may have their own quality threshold that is higher than the threshold for the
side-panel. In this work we assume that the threshold is the same.

2Sometimes the advertisers prefer lower positions because the ads displayed in these positions have higher chance
of conversion give the click. The conversion is the action that the user performs on the landing page of the ad, e.g.
purchase, subscription etc [7]. Modeling such preferences is out of the scope of this work.

10



Figure 2.3: Screenshot of a www.dpmag.com. There are two display ad banners on the right.

The payment for the K-th, last displayed, ad can be slightly different from this formula. If the
quality of the ad ranked at position K + 1 is below quality threshold, then the payment for the
ad in position K is either a reserved price [54] or depends on the threshold, rather than on the ad
in position K + 1:

Bidmin(aK) = QualityThreshold/Pad(aK) (2.7)

The advantage of the keyword auction is that it is a fast online algorithm. It jointly considers
all the ad positions on a page therefore it is possible to impose local constraints on the list
(e.g. do not put the ad of the same advertiser twice). However it runs in a greedy manner per
individual query, not taking into account the total budgets and total number of targeted deliveries
(ad impressions or clicks) as global optimization criteria.

2.3 Guaranteed Delivery in Display Advertising
Display advertising is another type of online advertising. It differs from sponsored search in
many aspects, but we want to borrow some of the ideas and techniques used in display advertising
and apply them to sponsored search.

In display advertising the advertisements are placed on predefined banner spots of the web-
pages. These ads usually have rich graphical representation, see figure 2.3. Sometimes the ads
may contain audio, video or interactive flash environment. In contrast, the body of a sponsored
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search ad is just a short text message with a URL. In display advertising brand awareness is
often the main goal of the advertiser. Such advertisers pay per campaign. An example of the
advertiser’s campaign goal can be “display 100K ads to young females in California”. This mar-
keting strategy is called guaranteed delivery (GD). The target of a GD algorithm is to satisfy the
number of ad impressions requested by the advertisers. Inevitably GD algorithms are based on
offline optimization or manual (greedy) approaches. Whenever a user visits a web page there is
an opportunity to display one or several advertisements. The union of all user visits (〈user, page〉
tuples) is called inventory. The inventory is grouped by the combination of feature values (i.e.
age, location, page etc.). The goal of the ad allocation mechanism is to match this inventory
(supply) with advertisers’ goals (demand). This is a standard bi-partite supply-demand matching
problem (Figure 2.4) that can be solved using Linear Programming (LP)3, [19]:

max
x

f(x) (2.8)

s.t.
∑

i:(i,j)∈E

xij ≥ mj ∀j∑
j:(i,j)∈E

xij ≤ ni ∀i

xij ≥ 0

Here f(x) is a convex (often linear) objective function that characterizes quality of the assign-
ment, xij is the number of times we want to show ad j to the users group i. The set of edges in the
bipartite graph, E, encodes the matches between advertisers targeting preferences and the users
group (Figure 2.4). The first type of constraint is the demand constraint, it guarantees that the ad
j will be displayed at least mj times. The second type of constraint is the supply constraint, it
guarantees that the number of ads displayed to users group i does not exceed the number of visits.
The optimization is performed offline in a batch mode. The number of future visits (left-hand
side of the graph) needs to be predicted [3].

The advantage of the formulation (2.8) is the ability to satisfy global campaign goals. How-
ever this solution does not take into account the needs of the advertisers interested in direct
response and who wish to adhere to an auction in sponsored search. Particularly it is not possible
to model local constraints (such as GSP pricing rule) between the ads displayed on the same
page.

Spot auctions are also used in display advertising mostly as supplementary mechanism. For
example, to allocate ads for extra inventory that results from inaccurate forecast. Usually the cost

3Note, that this LP solves the dispatch problem: how many ads to display for existing campaigns already accepted
by the publisher. It cannot solve the campaign acceptance problem, i.e. making a Yes/No decision whether to accept
the campaign proposed by the advertiser or to reject it.

12



Figure 2.4: An example of a bipartite supply-demand graph in display advertising. Supply nodes
on the left-hand side correspond to the number of user visits, demand nodes on the right-hand
side correspond to the impression goals of the advertisers.

per impression sold in spot auctions is much lower than the cost per impression of a guaranteed
delivery campaign. Given the price difference these two mechanisms do not compete directly.

2.4 Unified Optimization Framework
In this section we describe the approach that combines together keyword auctions (section 2.2)
and guaranteed delivery (section 2.3) in a unified optimization framework. To the best of our
knowledge this is the first time when these two delivery mechanisms are combined together in an
optimization formulation in sponsored search (there exist solutions for display advertising, e.g.
[68], that are not directly applicable to our domain). We start with the problem formulation in
2.4.1 and describe technical details of the solution in the subsequent sections 2.4.2 and 2.4.3.

2.4.1 Problem Formulation
In our proposed mechanism we allow two types of advertisers. Some advertisers are interested
in auctions and bidding on relevant keywords, we call them auction-type advertisers and their
campaigns accordingly - auction campaigns. The others prefer to specify the number of clicks
as the explicit goal of the campaign, they select relevant keywords for their ads, we call them
GD advertisers and their campaigns - GD campaigns4. Whenever a query is submitted a ranked
list of ads is displayed. This ranked list can contain both GD and auction ads. GD ads can take
any positions and auction ads are partially ranked by the rank score (2.2) (product of predicted
click probability and the bid). GD advertisers are charged per campaign, the penalty is imposed
on the search engine if the advertiser’s goal (number of clicks) is not met. In scientific literature

4Actually, one advertiser can run several campaigns: some of them can be auction-type campaigns and some of
them can be GD-type campaigns. This situation can be addressed by our solution.
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Figure 2.5: Supply-demand graph that represents our formulation. Supply nodes on the left-hand
side correspond to query submissions. Demand nodes on the right-hand side correspond to cam-
paign objectives. The decision variables determine how often to display a particular candidate
ranked list of ads in response to a query.

this penalty is usually taken to be linear. The auction advertisers are charged per click according
to the modified GSP pricing rule: the smallest bid that would preserve his position in the partial
ranking of auction ads. Displaying the list of ads contributes to the goals of all the campaigns
that have ads in it, this diagram is presented on figure 2.5.

Let us assume for now that we can enumerate all possible ranked lists of ads that are consis-
tent with the ranking criteria above and are not longer than the maximum number of ad positions
on one page. We will elaborate on this assumption in the end of this section. How often do
we need to display a particular ranked list of ads in order to satisfy the goals of the advertisers,
the search engine and the users? To answer this question we formulate and solve the following
Linear Program (see the notation in Table 2.1):

max
xik,ξc

∑
i

∑
k

αikxik +
∑
c∈GD

(dc − µcξc) (2.9)

s.t.
∑
i

∑
k

∑
j:aj∈c

δikjxik ≤ dc ∀c ∈ A∑
i

∑
k

∑
j:aj∈c

βikjxik + ξc ≥ mc ∀c ∈ GD∑
k

xik ≤ 1 ∀i

xik, ξc ≥ 0
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Table 2.1: Problem notation
Variable Description
qi ∈ Q an individual query and the set of all queries
ni number of times we expect qi to be issued
Si the set of candidate ranked lists of ads that can be displayed

in response to a query qi
sik ∈ Si a ranked list of ads that can be displayed in response to a

query qi
xik ∈ [0, 1] the frequency of displaying the list sik
aj ∈ c an individual advertisement that is a part of a campaign c
c(j) the campaign that the ad aj belongs to, i.e. c(j) = c : aj ∈ c
A the set of auction type campaigns, for example c ∈ A
GD the set of GD type campaigns, for example c ∈ GD
dc a budget of a campaign c
mc a click requirement for a GD campaign
µc a penalty that the search engine pays to a GD advertisers for

1 underdelivered click
ξc the number of underdelivered clicks for a GD campaign c ∈

GD
zikj an indicator variable, zikj = 1 if an ad aj is a member of a

list sik
pikj the payment if an ad aj in the list sik is clicked; pikj = 0 for

GD ads. For the auction ads the payment is determined by
the updated GSP pricing rule

cikj the click-through rate (CTR) for an ad aj in the list sik

We use i to index queries, j to index ads and ik to index candidate ranked lists relevant to
query qi. The decision variable of the problem xik is the frequency of displaying the list sik in
response to a query qi. The objective function is the revenue of the search engine. The first
summation of the objective function is the expected revenue from the auction campaigns. The
coefficient αik is the expected revenue for ni displays of the list sik (the summation over member
ads). Only auction ads contribute to this coefficient:

αik = ni
∑

j:c(j)∈A

cikjpikjzikj (2.10)

The second summation of the objective function is the revenue from GD campaigns penalized by
underdelivery. We express underdelivery using slack variables ξc. The first constraint guarantees
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that the expected spending of the auction campaign c is limited by the campaign budget dc. The
second constraint guarantees that the GD campaign c gets the required amount of clicks mc.
The coefficients of the constraints matrix δikj and βikj represent the expected payment and the
expected number of clicks for an ad aj in the list sik.

δikj = nicikjpikjzikj (2.11)
βikj = nicikjzikj (2.12)

The formulation (2.9) explicitly satisfies the following global goals: 1) maximize the search
engine revenue, 2) guarantee the click requirements of GD campaigns and 3) provide equal
opportunities to auction campaigns. We also expect our solution to 4) improve user’s satisfaction
expressed by the average click-thru rate (CTR). Note, that unlike display advertisers who are
interested in a guaranteed number of impressions, sponsored search advertisers are interested in
a guaranteed number of clicks. This means that the user’s satisfaction is an implicit objective.

We will also use two variants of vector notation to make (2.9) more compact. In the first
variant (below) we collapse the summation over k (summation over query-specific candidate
ranked lists) into vector products.

max
xi,ξc

∑
i

αᵀ
ixi +

∑
c∈GD

(dc − µcξc) (2.13)

s.t.
∑
i

δᵀ
icxi ≤ dc ∀c ∈ A∑

i

βᵀ
icxi + ξc ≥ mc ∀c ∈ GD

1ᵀxi ≤ 1 ∀i
xi, ξc ≥ 0

where xi = {xi1, xi2, . . . }, αi = {αi1, αi2, . . . }, δic = {
∑

j:aj∈c δi1j,
∑

j:aj∈c δi2j, . . . } and
βic = {

∑
j:aj∈c βi1j,

∑
j:aj∈c βi2j, . . . }. In the second variant we additionally collapse the sum-

mation over i (summation over queries) into vector products:

max
x,ξc

αᵀx +
∑
c∈GD

(dc − µcξc) (2.14)

s.t. δᵀ
cx ≤ dc ∀c ∈ A

βᵀ
cx + ξc ≥ mc ∀c ∈ GD

1ᵀxi ≤ 1 ∀i
x, ξc ≥ 0
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where vector x = {x1,x2, . . . } is the result of concatenation of the vectors xi. Correspondingly,
α, δ and βc are the results of concatenation of αi, δi and βic.

Let us return to the assumption that we can enumerate all candidate ranked lists of ads, also
called slates, and justify our choice of a variable in the problem. Each variable xij corresponds
to one slate, a ranked list of ads that can be displayed in response to a query qi. A slate is an
atomic element in the optimization problem above, it acts as a whole. The sufficient parameters
that describe each slate are its expected revenue and its expected contribution to the campaign
specific constraints (equations (2.10), (2.11) and (2.12)). On the other hand each slate is in turn a
complex object that consists of multiple ads. It is impossible to use an individual advertisement as
an atom of the optimization because of the dependencies among the ads in a slate: the auction ads
must follow ranking constraints and GSP pricing constraints. Even more ad dependencies can be
potentially added in the future. For example, one area of active research in online advertising is
the externalities effect when each ad affects the pclicks of its neighbors. We make our framework
flexible to accommodate the prospective externality models.

The use of slates as atoms of the optimization was proposed in [1]. The downside of this
approach is a large number of feasible ranked lists of ads that leads to a large number of variables
in the linear program. The remedy to this problem is the fact that 1) only few “good” candidate
lists are worth considering; and 2) these “good” candidate lists can be efficiently generated on the
fly. To identify these good candidates we formulate a series of auxiliary optimization problems in
section 2.4.2. To solve these problems we exploit the special structure of (2.9) in section 2.4.3.

2.4.2 Delayed Column Generation

Linear programs with a huge number of variables and a small number of constraints can be solved
using delayed column generation technique [46]. The number of non-zero (active) variables in
the solution is small and to find them it is sometimes not necessary to consider all the variables.
Indeed, the number of non-zero variables of a solution, located in the vertex of a polyhedron
(feasibility set of LP), is restricted by the number of constraints: |A| + |GD| + |Q|. Delayed
column generation finds the active variables iteratively. It starts with an LP with a small subset
of variables, solves this LP (also called restricted LP), finds the variable that is not in the subset
and can improve the objective and adds it to the basis of the restricted LP. This procedure is
similar to the iteration of the simplex method [17]. Delayed column generation and the simplex
method only differ in the way they find a variable that enters the basis. The simplex method
iterates through all the variables explicitly to find the best candidate. Column generation solves
a complementary optimization problem to find the best candidate. Column generation is useful
when the number of variables is very large and the problem structure can be utilized.

To increase the objective the new variable must have a positive reduced cost, the quantity
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defined below. For a linear program in standard form:

max
x

cᵀx (2.15)

s.t. Ax ≤ b

x ≥ 0

The reduced cost vector is given by

c′ = c− Aᵀy (2.16)

where y is the dual solution. We select a variable with the highest reduced cost coefficient to
enter the restricted primal:

j∗ = arg max
j
cj − Aᵀ

jy (2.17)

For a reasonably small number of variables (2.17) can be solved by direct iteration over j (exactly
what the simplex method does). This is infeasible for our problem and we explore the special
structure of (2.17) to formulate a complementary optimization problem. Let y be the vector of
variables dual to the first two constraints of (2.9) and γ be the vector of variables dual to the third
constraint of (2.9). The dual to (2.9) is:

min
y,γ

∑
c∈A

dcyc −
∑
c∈GD

mcyc +
∑
i

γi (2.18)

s.t.
∑

j:c(j)∈A

δikjyc(j) −
∑

j:c(j)∈GD

βikjyc(j) + γi ≥ αik

yc ≤ µc ∀c ∈ GD
y,γ ≥ 0

The reduced cost of a candidate list sik is then given by:

cost(sik) = αik −
∑

j:c(j)∈A

δikjyc(j) =
∑

j:c(j)∈GD

βikjyc(j) − γi (2.19)
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Figure 2.6: Dependencies in a ranked list of ads, that affect the objective.

To solve (2.17) we find the best candidate s∗ik for each query qi:

k∗ = arg max
k
cost(sik) = arg max

k

∑
j:c(j)∈A

δikj− (2.20)

∑
j:c(j)∈A

δikjyc(j) +
∑

j:c(j)∈GD

βikjyc(j) − γi

= arg max
k

∑
j:c(j)∈A

nicikjpikjzikj(1− yc(j))

+
∑

j:c(j)∈GD

nicikjzikjyc(j) − γi

The first summation in the equation is a reweighed expected revenue of the list, where each
auction ad member aj is scaled by 1 − yc(j). The second summation is a reweighed expected
number of clicks of GD ads in the list, where each GD ad member aj is scaled by yc(j). The last
term only depends on the query.

Expression (2.20) is essentially a weighted sum over all advertisements that participate in the
ranked list sik. To find the best list it is not necessary to inspect all the candidates, it is sufficient
to construct the sequence of ads that maximizes (2.20). What makes this task challenging is
the auction advertisements whose payments depend on the next auction advertisement in the list
through the GSP pricing rule, equation (2.5). We describe the solution to this problem in the next
section.

2.4.3 Dynamic Programming
In this section we provide the solution to (2.20). Optimization of the objectives defined over the
chains of objects, when the contribution of a current element depends not only on the element
itself, but also on the next element in the chain, can be done by dynamic programming (DP).
However (2.20) is more challenging because of the presence of two types of objects: GD ads
(unchained) and auction ads (chained). If an auction ad is followed by one or more GD ads than
its contribution depends not on the next object in the chain, but on the object located further
down the list, Figure 2.6. Let us rewrite (2.20) in simpler notation. Our goal is to find a sequence

19



of ads:
s = {a1, a2, ...ap}

that maximizes

cost(s) =
∑
j=1..n
aj∈A

Pclick(aj)Pay(aj)(1− yc(aj)) +
∑
j=1..p
aj∈GD

Pclick(aj)yc(aj) − γi/ni (2.21)

where Pay(aj) is the payment of the auction ad aj that depends on the next auction ad in the list.
And the click probability Pclick is a product of ad-specific probability and the position bias

Pclick(aj) = Pad(aj)Pbias(j) (2.22)

Let us assume that we have assigned the first r − 1 positions in this sequence:

s̃ = {a1, a2, ...ar−1}

and reached some state, that is a function of our previous decisions:

Tr = State(a1...ar−1)

Then our residual goal is to assign the ads to the positions r . . . p given the state Tr. The sufficient
condition of optimality and applicability of dynamic programming is Bellman’s principle: the
decisions at steps r . . . p that constitute optimal solution depend only on the state that we reach
after steps 1 . . . r−1 [6]. In this case we can use backwards induction to solve this problem. The
complexity of backwards induction algorithm is O(M2L) where M is the number of possible
states and L is the length of a chain. We want to find a state function with small M value that
satisfies the Bellman’s principle.

We claim that the allocation of future auction ads only depends on the last auction ad in the
sequence s̃ and its position. GD ads in the list are ranked by Pad(aj)yc(j) and the allocation of
future GD ads depends on how many GD ads were already allocated. This fact is quite intuitive.
The GD ads are not chained, therefore it is optimal to always select the best available GD ad first
- this is the ad with the highest Pad(aj)yc(j) score. The auction ads are chained by the ranking and
pricing rules, the residual objective for the future auction ads only depends on the last auction ad
in the chain. The state function is the following tuple:

Tr = {last auction ad, its position, number of GD ads} (2.23)

The size of this state space is bounded by ZLL where Z is the number of relevant auction ads
and L is the length of the chain. Here Z bounds the number of possible values of the first feature
of the state function and L bounds the number of possible values of the second and the third
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features of the state function. Usually L is a small integer (maximum number of ads displayed
on a page). If we ignore the positional bias then we do not need to know the position of the last
auction ad (the second feature of the state function) and the state space can be reduced to ZL.

To actually find the optimal sequence we use the necessary condition that is expressed by
Bellman’s equation [6]. This equation connects the residual objective at state Tr with immediate
gain from selecting an ad for the slot r : g(ar|Tr) and the residual objective for the next state
Tr + ar → Tr+1:

F (Tr) = max
ar
{g(ar|Tr) + F (Tr+1)} (2.24)

The immediate gain if ar ∈ GD is

g(ar|Tr) = Pclick(ar)yc(ar) = Pad(ar)Pbias(r)yc(ar) (2.25)

i.e., the expected number of clicks scaled by yc(ar), the dual variable of the campaign clicks
constraint. The immediate gain if ar ∈ A equals the amount the last auction advertiser in the
assignment Tr pays according to GSP. Assume that the position of the last auction ad in the list
Tr is m. If we assign an ad ar ∈ A to the slot r then the advertiser who got the position m for
his/her ad am would pay the amount to maintain his/her position against ar, according to (2.5):

Pay(am) = Bid(ar)Pad(ar)/Pad(am) (2.26)

This gives us the immediate gain:

g(ar|Tr) = Pclick(am)Pay(am)(1− yc(am)) (2.27)
= Bid(ar)Pad(ar)Pbias(m)(1− yc(am))

Note that the ad specific click through rate and the bid correspond to the newly added adver-
tisement in the position r and the dual variable y and the position bias corresponds to the ad in
position m.

The Bellman’s equation (2.24) can be solved with the backward induction algorithm [6].

2.5 Model Extensions
In section 2.4 we formulated the optimization with the revenue maximizing objective function.
Some researchers argue that search engine revenue is not a good choice of objective in advertising
because it may conflict with the objectives of the advertisers. Indeed, if the search engine gets
more money then the advertisers spend more money. They may not be happy about it. It may be
desirable for the advertiser to get more clicks as a result of higher spending. If the advertiser gets
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the same number of clicks then the higher spending is definitely not desirable. To address this
problem we use two solutions: 1) represent the advertisers in the objective function or 2) allow
the advertisers to limit the average cost per click for their campaigns.

Combined objective. The approach is quite intuitive. We use linear combination of the
search engine revenue and the total number of clicks as the objective function:

Objective = Revenue+ λClicks (2.28)

Such composition shifts optimization objective from the search engine to the advertisers and
the users. User satisfaction is a critical long term goal even if some immediate revenue has to
be sacrificed. The experimental results in section 2.7 demonstrate that this objective function
allows to greatly improve users’ experience at practically no cost. With minor modifications the
algorithm that solves the original problem can solve the modified problem. The reduced cost that
we maximize in the dynamic programming stage (2.21) is:

cost(s) =
∑
j=1..n
aj∈A

Pclick(aj)
[
Pay(aj)(1− yc(aj)) + λ

]
(2.29)

+
∑
j=1..p
aj∈GD

Pclick(aj)(yc(aj) + λ)− γi/ni

It contains extra terms compared to (2.21), but the structure of the expression is the same. The
cost maximization can be done by the backwards induction algorithm. We only need to update
the immediate gains for auction and GD ads:

g(ar|Tr) = Bid(ar)Pad(ar)Pbias(m)(1− yc(am)) + λPad(ar)Pbias(r) for ar ∈ A (2.30)
g(ar|Tr) = Pad(ar)Pbias(r)(yc(ar) + λ) for ar ∈ GD (2.31)

Constrained cost per click. The other way to ensure that the optimization is not biased
towards search engine’s objective is to put a cap on the average cost per click (CPC). This cap
can be campaign specific. For GD campaigns CPC is already a constant, negotiated by the
advertiser and the search engine. For auction campaigns, the cost per click is only limited by
the largest bid in the advertiser’s portfolio. This limit can be too loose and does not reflect the
advertiser’s expectation. It is easy in our framework to put a cap on the average cost per click on
a per-campaign basis by adding a new constraint:

δᵀ
cx ≤ µcβ

ᵀ
cx ∀c ∈ A (2.32)

where µc is the limit for the average CPC for a campaign c5, β and δ are expected clicks and
expected payments for a campaign c in each slate. With minor modifications the algorithm that

5For GD campaigns µc is already defined as an underdelivery penalty per click.
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solves the original problem can solve the modified problem. Only the complementary optimiza-
tion problem in the column generation stage (2.21) has to be updated. Let y′c(aj) be the dual
variable for newly introduced constraints (2.32). The updated reduced cost expression is:

cost(s) =
∑
j=1..n
aj∈A

Pclick(aj)
[
Pay(aj)(1− yc(aj) − y′c(aj)) + µc(aj)y

′
c(aj)

]
(2.33)

+
∑
j=1..p
aj∈GD

Pclick(aj)yc(aj) − γi/ni (2.34)

The expression has the same structure as (2.21), even though it contains the extra terms. The cost
maximization can be done by the backwards induction algorithm. We only need to update the
immediate gain for the auction ads:

g(ar|Tr) = Bid(ar)Pad(ar)Pbias(m)(1− yc(am) − y′c(am)) + µc(ar)Pad(ar)Pbias(r) (2.35)

This expression, like its original version, depends on the previous auction ad and its position,
therefore the state function (2.23) remains the same.

2.6 Online Allocation
In this section we explain how to use our optimization algorithm in the online scenario. The
algorithm described in the previous section performs offline optimization based on historical or
predicted counts of query submissions and historical click probability predictions. We make
other approximations to make our framework scalable: remove tail queries, group query sub-
missions together into clusters, exclude very small advertisers from optimization. An offline
optimization algorithm finds the best allocation of ads for this imperfect approximation of future
query stream. In the online scenario we have to deal with all the imperfections that result from
this approximation:
• Non-accurate query counts. This problem is known as supply forecasting, i.e. the fore-

casting of the left hand side of our allocation chart. The accuracy of the forecast depends
on the chosen granularity of the supply nodes. The forecasts are more accurate if the gran-
ularity is coarse. For instance, it is easier to forecast the number of future submissions of
a query “Microsoft office” by all users than the number of submissions of the same query
by the female college students located in Pennsylvania.

• Non-accurate pclick predictions. This problem is closely connected to the previous one
and to the choice of granularity. All query submissions within a single supply node of
the allocation chart have the same averaged click probabilities. The coarse granularity has
high pclick estimation error due to higher variance within larger clusters of submissions.
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• Removal of tail queries. This is a necessary step to make the offline optimization scal-
able. Users submit millions of unique query strings. According to the power law, most
of the submissions are very rare, and a small number of most frequent submissions cover
a significant portion of the stream. In the online scenario we need to display ads for all
queries including the ones that were not considered in the optimization.

• Removal of small advertisers. There exist a huge number of very small advertisers. In
our framework they are most likely auction type advertisers. These advertisers have to be
removed from the offline optimization to make it scalable. In the online stage, however,
we must not ignore such advertisers.

A straightforward approach to online allocation is to use the primal solution directly. The
primal solution tells us how often to display a particular ranked list of ads in response to a
query. This is a very restrictive plan that does not allow much flexibility in the online stage.
In fact, this approach suffers from all the problems mentioned above. For example, this plan
ignores personalized click predictions that become available online. Instead it sticks to average
click probabilities that were used offline. It is very costly to throw away such valuable piece of
information. Also, this plan does not know how to allocate ads of small advertisers that were
removed from the offline optimization.

An alternative and more practical approach uses the dual solution. It is based on the following
idea: dual solution can be used to approximately reconstruct the primal; yet, the dimensionality
of the dual is much lower.6 Low dimensionality makes it more robust to imperfections in the
training data used offline. Multiple works, that investigate the problem of online resource alloca-
tion, rely on this dual framework: [13, 23, 30, 47, 67]. We will first sketch the basics of the dual
framework and then explain how to use it with our approach.

To explain the idea we will use a very general form of ad allocation problem. We assume
one displayed ad per query, one ad per advertiser and only budget constrained advertisers. The
notation is mostly consistent with the previous sections. The primal and the dual forms of this
allocation problem are:

Primal
max
x

∑
i,j

cijxij

s.t.
∑
i

δijxij ≤ dj ∀j∑
j

xij ≤ 1 ∀i

xij ≥ 0 ∀i, j

Dual
min
y,γ

∑
j

djyj +
∑
i

γi

s.t. δijyj + γi ≥ cij ∀i, j
yj, γi ≥ 0 ∀i, j

(2.36)

6This statement is true for LPs typical for ad allocation problems. It does not hold for an arbitrary LP.
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Here xij is a decision variable whether to display an ad aj for query qi, cij is the benefit for
the search engine of displaying this ad and δij is the cost to the advertiser.7 The budget constraint
of the advertiser is denoted by dj . In the dual problem yj is dual to the budget constraint of the
advertiser j, essentially, this variable assigns a cost on using the money of the advertiser j. For
example, if the advertiser has unlimited budget, this cost is zero, i.e. we can spend his or her
money and not being afraid of running out of budget. The variable that is dual to the supply
constraint (one constraint per query), γi, does not play essential role in the algorithm.

The dimensionality of the primal solution is the number of non-zero variables xij . Usually,
we have at least one non-zero variable per query. The dual solution combines y and γ whose
dimensionalities correspondingly are the number of advertisers and the number of queries. The
key point is that it is enough to know y to reconstruct the primal solution with good accuracy.
Usually the number of advertisers is much smaller than the number of queries. The reconstruction
is done in the following way. For each query qi we select an advertisement aj that maximizes the
following quantity (conditioned that it is not negative):

cost(aj) = cij − δijyj (2.37)

If the maximum cost is negative then we do not display any advertisements: i.e. xij = 0 ∀j,
otherwise we display the winner (assuming there are no ties). This reconstruction algorithm only
requires the values of yj-s, one variable per advertiser. The following proposition explains why
this algorithm works:
Proposition 2.6.1 If there are no ties between ads and the cost of the winner is not zero then
this algorithm perfectly reconstructs the solution of the primal problem. This solution will be
integral, i.e. xij ∈ {0, 1}.
Proof This proposition is easy to verify using Karush-Kuhn-Tucker conditions [10, pp.241-244].
First of all,

cij − δijyj − γi ≤ 0 (2.38)

is a dual constraint (and also a reduced cost of a variable). And

xij(cij − δijyj − γi) = 0 (2.39)

(
∑
j

xij − 1)γi = 0 (2.40)

are the complementary slackness conditions. According to the complementary slackness condi-
tion (2.39) the variable xij is non-zero only if the reduced cost is zero. The rest variables should

7In the simplest formulation of ad words problem δij = cij i.e. the revenue of the search engine is equal to the
spending of the advertisers.
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have negative reduced cost. Since we have no ties, there is only one candidate for a non-zero
variable for query qi, call it xij∗ > 0 - the maximizer of (2.37). If this maximum is greater than
zero, then γi is strictly positive and according to the complementary slackness condition (2.40),∑

j xij = 1. This leads to xij∗ = 1. If the maximum of (2.37) is less than zero, then the reduced
cost is also less than zero and then xij∗ = 0.

The conditions in the proposition (no ties and non-zero cost (2.37)) are needed to exclude
non-integer solutions, i.e. xij = 0.4. Why is it essential to have no ties? If two ads a1 and a2 are
tied for the first place for query qi they both have non-zero chance to be displayed. The optimal
objective can only be achieved if the ads are displayed with the correct probabilities (proportional
to xi1 and xi2 of the primal solution). The dual solution only reveals that these two ads can be
displayed, but the relative probabilities are unknown. Is “no ties” assumption realistic? In fact,
ties are likely to occur. The likelihood depends on the granularity of the formulation. Recall
that the number of non-zero variables in the vertex of the polyhedron is at most |Q| + |A| - the
number of queries plus the number of the advertisers. If |Q| � |A| then there approximately is
one non-zero variable per query. In this case the ties are less likely. The solution in [23] suggests
that the tie resolution can be achieved by smoothing or micro randomizations of the problem
parameters.

The algorithm requires the dual variables yj . It is not possible to solve the dual problem
exactly because of a huge number of constraints (one per query submission). All the works
mentioned above essentially differ in the way they approximate the dual solution. One class
of algorithms is purely online. They start with yj = 0 ∀j and update the variables after each
query submission based on displayed ads. Other algorithms use historical data to learn yj by
solving offline optimization, our framework is the example of such offline solution. Usually,
offline optimization is formulated on the subsample of historical data due to scalability issues.
Finally, hybrid approaches use historical data to train initial values of yj and then update them as
necessary in the online stage. We find the hybrid approach to be the most promising because it
allows us to extend our solution to unseen data, particularly, unseen advertisers. In the mixture of
auction and GD, some of the advertisers are very small (mostly auction advertisers) and are not
included in the optimization. We simply set the initial dual value for these advertisers to zero.
Each time the query is submitted we find the ranked list of ads that maximizes (2.37). For our
formulation (2.37) is equivalent to the complementary optimization (2.17) of column generation.
Its dynamic programming solution is already described in the previous sections.
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2.7 Results

In this section, we describe the experimental settings and results that verify the effectiveness of
our proposed approach.

2.7.1 Dataset and Experimental Setup

Queries. The evaluation is performed on the log data from Microsoft’s Bing search engine. To
make the problem manageable we use only the head (most frequent) queries. This is a standard
technique (for example [1]) motivated by the power law query frequency distribution: few head
queries cover a large proportion of query submissions. A significant improvement that our tech-
nique achieves in allocating the ads for frequent queries will result in a significant improvement
overall. We discuss how to generalize our approach to the tail queries in section 2.6. Further-
more, we remove the queries that have low monetization potential, i.e. the queries that display
very few ads (less than 3). After these steps we end up with 1000 unique query strings and 1.5M
query submissions.

Advertisements and Campaigns. We identify all the campaigns relevant to the selected
queries and then remove the campaigns with click counts less than 12. Optimization of such
campaigns is not useful and only increases the dimensionality of the problem. We discuss this
issue in section 2.6. After filtering we end up with 2,807 unique campaigns and 37,258 unique
ads. All the parameters required for optimization are logged by the search engine: predicted
click probabilities, bid keywords, bid values, campaign budgets, actual spending and the number
of received clicks. In the real system click probabilities are computed for each query submission.
This means that these probabilities can differ for the same query submitted by two different users.
The model described in this chapter does not distinguish different submissions of the same query
therefore we average the click probabilities. This limitation of the algorithm is addressed in
Chapter 3.

Our data comes from the keyword auction log of the search engine and only contains Auc-
tion campaigns. We have no control of which advertisers and how many of them will switch their
campaigns to GD therefore in the experiments we select such campaigns randomly. We use the
number of clicks that is expected according to the log as the clicks goal of the GD campaign. We
do not impose extra payments (premiums) for using Guaranteed Delivery in the current exper-
imental setup. Normally such payments would exist and would provide more opportunities for
optimization and higher expected revenue for the search engine. In Chapter 4 we investigate the
strategy selection (Auctions vs. GD) behaviors of individual advertisers from the game theoretic
perspective.

To simulate GD campaigns we randomly select r% of auction campaigns and convert them
to GD campaigns. The ratio r will be driven by the market demand and will not be controlled by
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the search engine. In the simulation we investigate the performance of the algorithm for different
values of r between 0 and 1:

r ∼ Uniform[0, 1]
∀i : GDi ∼ Bernoulli(r)

(2.41)

Batch optimization and online allocation. Optimization is performed in the batch mode
and should use the forecasts for the number of query submissions ni. The errors of forecasting
ni affect the performance in the online stage. However the forecast for the head queries that
we select for optimization is usually accurate and the error is not considered in the experimental
setup. We leave the detailed investigation when this is not the case for the future work. In the
online stage we use the output of the optimization as the probabilistic allocation plan: xik - is the
probability to display a ranked list of ads sij in response to a query qi

Baseline 1. We mimic the greedy GSP allocation mechanism (section 2.2) currently em-
ployed in the search engine. This baseline does not consider GD at all. By comparing to this
baseline, we can see the value of our proposed concept, i.e., considering both auction and GD in
sponsored search.

The order in which the queries arrive is random. Since this order can affect the outcome of
the allocation we repeat this procedure 10 times and report the average results. The click counts
in this randomized setting are expected clicks (assuming that changing the order of queries does
not change the number of clicks on average).

Baseline 2. For a more representative baseline we split the available resources (query sub-
missions) proportionally between auction and GD campaigns. Then we run GD and auction
allocation mechanisms independently. This baseline considers both auction and GD, but not in
a unified framework. It mimics the approach applied in display advertising in which GD and
Auctions coexist but do not compete for the same inventory. By comparing to this baseline, we
can see the value of our proposed joint optimization framework.

The number of ads that we display for a query is the same for all the methods. We use soft
delivery constraints and set the per click penalty µc equal to the average per click payment of the
campaign. Using hard delivery constraints leads to the infeasible formulation. This means that
the click requirements that we have selected are challenging enough. We stop the optimization
routine when the relative objective improvement for two consecutive steps drops below ε = 10−5.

Regularization. We evaluate the regularized version of our algorithm, proposed in sec-
tion 2.5. We use weighted combination of the revenue and the number of clicks as the objective
function. We test different values of the regularization parameter λ: 0, 0.1, 1, 3, and 10.

2.7.2 Unified Optimization Performance
There are three parties in the ad allocation process: the search engine, the advertisers and the
users. To evaluate our framework we use the following four metrics that cover the interests of all
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Figure 2.7: Top Left: Search engine revenue. Top Right: Expected number of clicks (also,
proportional to average click trough rate). Bottom Left: Average cost per click. Bottom Right:
Delivery rate for GD ads. The curves are smoothed by local polynomial estimator with degree =
1, bandwidth = 0.05 and Gaussian kernel. The shaded area covers ±σ.
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the parties:
• The expected revenue of the search engine is the utility of the search engine. Expected

revenue is the objective function of the linear program.
• The expected number of clicks is the objective of the advertisers and the users. It is implic-

itly encoded as constraints of the linear program. It is also a part of the objective function
in the regularized version of the algorithm when λ 6= 0.

• The average cost per click is a different metrics important for the advertisers. We want to
make sure that a higher search engine revenue is not a result of higher per-click payments.

• The last performance metric characterizes our ability to satisfy soft click constraints for
GD campaigns. Let m̂c be the number of clicks guaranteed by our solution and mc be
the requested amount. The delivery rate of a single campaign is the ratio of these two
quantities not greater than 1 (we do not get benefits for over delivery):

rate(c) = min

{
1,
m̂c

mc

}
(2.42)

Then the micro average delivery rate for all campaigns is:

micro average rate =
1∑

c∈GDmc

∑
c∈GD

mc · rate(c) (2.43)

The experimental results are presented on three panels (figure 2.7, figure 2.8 and figure 2.9).
Each panel evaluates a different aspect of the problem. Each panel contains four plots with four
performance metrics explained above.

On the first panel (figure 2.7) we compare our approach with two baselines. The value of the
regularization parameter in this figure is λ = 3. We repeat the procedure (2.41) 3000 times to
get different vectors of auction vs GD decisions. Each decision vector corresponds to one run
of the optimization routine. The curves on the plots are mean estimators. We use local polyno-
mial mean estimator with degree = 1, bandwidth = 0.05 and the Gaussian kernel [69]. The
grey shaded area corresponds to ±σ where σ2 is the variance estimator (obtained by the local
polynomial mean estimator for the squared residuals). The average revenue of our approach is
comparable to that of the baseline 1, the improvement is 0.2% which is not much, but significant
statistically (p-value = 5e-8 for t-test). The number of clicks is greater by 9.1%. This clearly
shows the advantage of jointly optimizing GD and auctions. The performance of the baseline 2
is generally worse than that of the baseline 1. This signals us about sub-optimality of straight-
forward resource distribution between auction and GD mechanisms and again emphasizes the
importance of joint optimization. The average CPC of our approach is lower than that of the
baseline 1. This indicates that the search engine can further increase its revenue by increasing
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the CPC payments for GD campaigns yet keeping the average CPC lower than in the existing
system. By changing these premiums the search engine has an effective mechanism of redis-
tributing the benefits of using our framework between itself and the advertisers. The last plot
(delivery rate) demonstrates that our approach outperforms the Baseline 2 in its ability to satisfy
soft GD constraints. Note, that since the baseline 1 has no guarantee on the delivery, we only
make comparison with the baseline 2.

Concluding this comparison, our method is better than both baselines. It is better than the
baseline 1 because it has similar revenue, but outperforms the baseline 1 in all the other metrics.
Our method is better than the baseline 2 because it significantly outperforms it in three metrics out
of four. The only metric in which our method does not win is the average cost per click, mainly,
because the baseline 2 has very low revenue. However, the great advantage in the number of
clicks and the revenue allows our method to outperform baseline 2 in all four metrics by giving
the advertisers a small discount on CPC.

On the second panel (figure 2.8) we investigate the effect of the regularization parameter λ in
the objective function:

objective = revenue+ λ · clicks (2.44)

Different curves correspond to different values of λ. The effect of λ is monotonic: as the value
of the regularizer increases, the number of clicks increases and the revenue decreases. The
regularization parameter in the chosen range does not affect the shape of the curves. In the
third panel (figure 2.9) we plot the average performance against the value of λ, i.e. each curve
in the second panel is averaged and collapsed into one point in the third panel. The values in
the third panel (except the delivery rate) are measured in the relative units: the non-regularized
performance that corresponds to λ = 0 is taken to be 1. The number of clicks grows quite fast
even for small values of the regularization parameter. The revenue starts to drop at λ = 3. This
observation confirms our assumption, that the search engine revenue is not the best objective of
the optimization. We can get much more clicks without losing the revenue if we add advertisers’
utility to the objective function.

To sum up, all the above experimental results demonstrate the effectiveness of our proposed
joint optimization framework.

2.8 Summary
In this chapter we present the optimization framework that combines pay-per-click auctions and
guaranteed delivery (GD) in sponsored search, satisfies advertisers’ diverse needs and maximizes
the revenue of the search engine. The core of our method is based on linear programming,
delayed column generation and dynamic programming. We formulate the optimization problem
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Figure 2.8: Top Left: Search engine revenue. Top Right: Expected number of clicks. Bottom
Left: Average cost per click. Bottom Right: Delivery rate for GD ads. The curves are smoothed
by local polynomial estimator with degree = 1, bandwidth = 0.05 and Gaussian kernel.
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with the linear combination of the search engine revenue and the number of clicks as the objective
and the advertisers’ budgets and the click goals as the constraints. Our experimental findings
demonstrate that the proposed approach outperforms the representative baseline methods without
joint optimization.

The linear combination of the clicks and the revenue as the objective function aims to better
address the needs of the advertisers. This modification provides great benefits compared to the
revenue maximization: it allows us to increase the total number of clicks significantly (+7.2%) by
sacrificing only 0.3% of the revenue. In the future applications this variant of the framework will
provide flexibility in tuning the system performance, especially when other important factors,
such as premium payments for GD campaigns, are taken into account.

Finally, in section 2.6 we discuss the adaptation of the algorithm to the online scenario.
We cover the following important points: the use of personalized click predictions that become
available online; and the problem of unseen data, that is, the small advertisers and tail queries
excluded from the optimization.

34



Chapter 3

Hierarchical Optimization for Sponsored
Search

3.1 Introduction

In this chapter we address the computational challenges that arise when the dimensionality of the
main optimization problem (2.9) formulated in the previous chapter becomes very large. The di-
mensionality directly depends on the number of the nodes in the ad allocation graph (Figure 3.1).
The nodes on the right hand side of the graph represent campaigns. Their number is not large
and does not vary much. The nodes on the left hand side represent the clusters of query submis-
sions. Their number depends on how we group the submissions together and can vary a lot. In
the previous chapter each node represents all the submissions of the same query. But we can use
a different clustering criterion, for example, one node per submission which leads to billions of
nodes. The number of the query nodes characterizes the granularity of the allocation problem.
The principled approach to model the problem at the right granularity level is the first contribu-
tion of the chapter. Specifically, we investigate how the granularity affects the performance and
the efficiency of our framework. We show that the granularity levels that are optimal in terms
of the performance metrics (revenue and clicks) cannot be handled by the original algorithm
efficiently. To address the problem we introduce a new algorithm that is based on hierarchical
optimization. This algorithm decomposes the problem into a set of problems of smaller size.
These new problems share few common variables and can be solved in parallel independently of
each other. The hierarchical optimization algorithm is the second contribution of this chapter.

Why is the granularity so important? Let us take a closer look at the bipartite graph (fig-
ure 3.1), that encodes the supply-demand information of our problem. The nodes on the left-
hand side of the graph represent query submissions (supply). The nodes on the right-hand side
represent advertisements and advertisers’ budgets and click goals (demand). The edges represent
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Figure 3.1: Allocation chart

relevance between ads and queries. The edges are assigned the weights: the bids and the click
probabilities. In the previous chapter one supply node in the graph corresponds to one unique
query string and conveys all the submissions of that query. This choice is convenient because
the submissions of the same query have a lot in common: the bids only depend on the keywords
and are the same. The click probabilities, on the other hand, are not the same because different
submissions of the same query can have very different goals. For example, a user who submits
a “digital camera” query can be interested in camera review articles, shooting and developing
techniques or might be looking to purchase. The intent behind the query affects the choice of the
right ads (just like it affects the optimal organic search results). The search engine can distin-
guish intent by the search history, the user features and other complementary information [33].
Eventually, it results in different pclick predictions for the ads. If all the submissions of “digital
camera” are represented by one node in the graph, we cannot use different click predictions.
What can we do? We can model the problem at finer granularity by splitting the node into two
nodes: all the submissions of “digital camera” with intent to buy and the rest. This leads to a
more accurate pclick modeling but also increases the dimensionality of the problem. We can
continue splitting until we reach the finest granularity level of one node per submission.

What is the optimal granularity in sponsored search? Search engines handle billions of sub-
missions every day therefore the finest granularity (one node per query submission) is too fine.
We cannot optimize a graph with billions of nodes. Another reason to avoid very fine granu-
larities is the estimation error for the pclick and the number of submissions. There is no use
considering the resolution that is smaller than the estimation error. Finally, very fine granulari-
ties reduce the competition between the advertisers which can reduce the revenue of the search
engine [43]. On the other hand, the granularity used in the previous chapter is too coarse. Our
experimental results demonstrate that finer granularity can significantly improve the revenue and
the number of clicks. To model an arbitrary intermediate level of granularity we group the sub-

36



Figure 3.2: The allocation chart with adjusted granularity level. We group the submissions of
every query q into clusters c1, c2 etc.

missions of a query into coherent clusters using K-means clustering [34] with click predictions
as features, figure 3.2. The number of the clusters controls the granularity and the size of the
problem. Our goal is to find the optimal granularity level that allows both enough flexibility
for the pclick model and efficient optimization. In this work we also propose a method to esti-
mate the upper bound performance that is achievable with perfect pclick predictions and infinite
computational resources.

As it turns out, the optimal granularity level that provides good performance is too challeng-
ing computationally for the algorithm in chapter 2. The largest problem that we optimize in our
experiments has about half a million nodes and a lot more edges. In order to solve the problems
of such size we introduce a new optimization algorithm. The idea is to decompose this large op-
timization problem into multiple small optimization problems that we can solve independently
of each other, we call them children problems. Essentially, we partition the bi-partite graph from
figure 3.2 based on the query string, i.e. all the submissions of the same query with all the rele-
vant ads will go into the same partition. Some ads can be relevant for more than one query and
therefore they belong to several partitions simultaneously. To address this problem we introduce
query-specific budgets and click requirement for such ads. The query-specific budgets and click
requirements form a new set of variables, that we call the connecting variables, because they
connect the children problems. If we fix the values of the connecting variables we can solve
the children problems (allocation of ads for all submissions of one query) independently of each
other. To optimize the connecting variables we formulate a special optimization problem, that we
call master optimization. We prove that the master optimization problem is convex and provide
two algorithms to solve it: gradient projection [14, 62] and Dantzig-Wolfe decomposition [20].
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In the scientific literature the problem of granularity is mostly studied for display advertising.
Display advertising has several distinctive features that make it different from sponsored search.
First of all, the advertisers in display advertising can bid on a complex combination of features:
age, location, gender, web page etc. The advertisers in sponsored search bid on keywords. The
default granularity that perfectly encodes the bidding preferences of the advertisers is determined
by the combination of possible feature values. It is very fine grained for display advertising and
very coarse for sponsored search. As a result, the researchers in display advertising try to reduce
the number of the nodes by merging them together (see channel abstraction model as an example,
[68]). Secondly, sponsored search uses the broad match algorithm that can display the ads with
the keywords that were not selected by the advertisers. This makes the advertisers’ bidding
preferences soft. Finally, in display advertising the advertisers are charged per impression and
the pclicks are not used. In sponsored search pclick modeling plays the central role in granularity
selection. These properties differentiate our work from other works.

In the next section we illustrate the decomposition algorithm with an example, formulate
our joint allocation framework as hierarchical optimization and prove its convexity (section 3.2),
we provide two algorithms to solve the master optimization problem in sections 3.3 and 3.4.
Section 3.5 discusses the clustering of query submissions, the choice of the granularity and the
theoretical performance bounds. Finally, we report the experimental results in section 3.6 and
conclude the chapter in section 3.7.

3.2 Hierarhical Optimization

3.2.1 Illustrative Example
We start with an illustrative example that fully demonstrates how the hierarchical optimization
works. A simple allocation graph on the left of figure 3.3 has three supply nodes and two ad-
vertisements. The supply nodes represent two submissions of query q1 and one submission of
query q2. We assume that both campaigns are GD and the cost per click is 1. The pclicks and the
budgets are listed on the figure. One ad is displayed at a time. The optimal allocation is obvious:
we display the ad a1 for the first submission of q1 and display a2 for the second submission of q1
and for the submission of q2. The expected number of clicks is 3 and the revenue is also 3.

The ad a2 connects two segments of the graph (queries q1 and q2): the budget constraint for
a2 is shared by these segments. Suppose we know that a2 spends $2x on q1 and $2(1 − x) on
q2, i.e. we know the per-query budget assignment. Then we can decouple the problem into two
independent ones, parameterized by x (right of the figure 3.3). Doing little algebra we get the
solution. If x ∈ [0, 0.5) then there is not enough budget to display a2 for q1 and only a1 will be
displayed. If x = 0.5 then there is enough budget do display a2 both for q1 and q2. Finally, if
x ∈ (0.5, 1] then there is not enough budget to display a2 for q2. The revenue as a function of x
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Figure 3.3: Example, domain decomposition. Left: ad a2 can be displayed for two queries: q1
and q2. Right: the problem can be decomposed into two independent problems if we know how
much of a2 budget to assign to query q1, denoted by 2x, and how much to assign to query q2,
denoted by 2(1 − x). Red connection means that the problems are connected by variable x,
however, given value of x they are independent.

is:

revenue(x) =


2 x ∈ [0, 0.5) (u1, u2, u3)→ (a1,−, a2)
3 x = 0.5 (u1, u2, u3)→ (a1, a2, a2)
2 x ∈ (0.5, 1] (u1, u2, u3)→ (a1, a2,−)

(3.1)

The last column shows which ad is displayed for each of the query submissions. We can optimize
the revenue as a function of x. The optimal revenue is achieved when x = 0.5, it leads to the
same obvious solution of the problem that we mentioned above.

To make the example more realistic let us scale the problem up (both the numbers of submis-
sions and the budgets) by a large factor N . Large frequencies smooth the solution and make it
continuous. Doing simple algebra we get the following solution:

revenue(x) =


2N(1 + x) x ∈ [0, 0.5)
3N x = 0.5
2N(2− x) x ∈ (0.5, 1]

(3.2)

This revenue function is plotted on figure 3.4. The maximum of this function can be identified
graphically: the optimal x = 0.5 and the corresponding optimal revenue is 3N .

The example demonstrates all the essential points of our hierarchical optimization approach:
• We decompose the problem into two independent problems, one per query.
• The children problems are parameterized by x, query specific budget distribution of a2. We

can solve the children problems independently and express the combined revenue/number
of clicks as a function of x.

• Optimizing the revenue with respect to x is the master optimization problem. The objective
function of the master problem in our example is concave, see figure 3.4. This is not a
coincidence: we prove that the master optimization problem is convex.
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Figure 3.4: Example revenue as a function of x - the proportion of budget of a2 assigned to the
query q1.

3.2.2 Problem Formulation
In this section we derive the formulation of the hierarchical optimization (specifically, bi-level
programming formulation) for auctions and GD in sponsored search. We start with the opti-
mization problem from the previos chapter; extend it to support different granularities; and then
we introduce additional variables and decompose the problem into the master and the children
optimization problems.

We use the compact vector form (2.14) from the previous chapter:

max
x,ξc

αᵀx +
∑
c∈GD

(dc − µcξc) (3.3)

s.t. δᵀ
cx ≤ dc ∀c ∈ A

βᵀ
cx + ξc ≥ mc ∀c ∈ GD

1ᵀxi ≤ 1 ∀i
x, ξc ≥ 0

In this variant of the notation each component of the vector x has a double index ik, where i
denotes the query and k denotes the ranked list of ads.

Introduction of clusters of query submissions into this formulation is quite straightforward.
The cluster of submissions in the new formulation plays exactly the same role as a query in the
version above, just compare the figures 3.1 and 3.2. Now each left-hand side node, originally
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indexed by the subscript i, is indexed by a double script il, where superscript l denotes the query
and subscript i denotes cluster within the query. Each cluster of submissions will have its own
columns of ads, represented by a variable xlik, and its own click probabilities/payments for the
relevant ads:

max
xi,ξc

∑
l

αlᵀxl +
∑
c∈GD

(dc − µcξc) (3.4)

s.t.
∑
l

δlc
ᵀ
xl ≤ dc ∀c ∈ A∑

l

βlc
ᵀ
xl + ξc ≥ mc ∀c ∈ GD

1ᵀxli ≤ 1 ∀i, l
xli, ξc ≥ 0

We use superscript l to emphasize the summation over queries, it will also be a basis for problem
decomposition. The double index ik is still obscured by the vector notation. Essentially, (3.4)
differs from (3.3) by one extra summation. We can use the algorithm from the previous chapter
directly to solve (3.4). We refer to this variant of the solution as a flat baseline.

To decompose the problem we first introduce several redundant variables and rewrite the
constraints in the equivalent form:

∑
l

δlc
ᵀ
xl ≤ dc ⇐⇒

{ ∑
l

δlc
ᵀ
xl ≤

∑
l

dlc ≤ dc

dlc ≥ 0
(3.5)

dlc is a per query budget for auction campaigns. Algebraically, dlc is redundant and both variants
are equivalent constraints for the variable x. Now we rewrite the constraints in the following
way: { ∑

l

δlc
ᵀ
xl ≤

∑
l

dlc ≤ dc

dlc ≥ 0
⇐⇒


δlc

ᵀ
xl ≤ dlc∑

l

dlc ≤ dc

dlc ≥ 0

(3.6)

We rewrite GD click constraints using a similar technique with additional variables ξlc and ml
c:

∑
l

βlc
ᵀ
xl + ξc ≥ mc ⇐⇒

{ ∑
l

βlc
ᵀ
xl +

∑
l

ξlc ≥
∑
l

ml
c ≥ mc

ml
c, ξ

l
c ≥ 0

⇐⇒


βlc

ᵀ
xl + ξlc ≥ ml

c∑
l

ml
c ≥ mc

ml
c, ξ

l
c ≥ 0

(3.7)
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Most of the newly introduced variables are zero. If a campaign c is not relevant for a query ql
then the corresponding additional variables dlc, m

l
c and ξlc are zero. The problem formulation is

now:

max
xl,ξlc,m

l
c,d

l
c

∑
l

[
αlᵀxl −

∑
c∈GD

µcξ
l
c

]
+
∑
c∈GD

dc (3.8)

s.t. δlc
ᵀ
xl ≤ dlc ∀c ∈ A,∀l (3.9)

βlc
ᵀ
xl + ξlc ≥ ml

c ∀c ∈ GD, ∀l (3.10)

1ᵀxli ≤ 1 ∀i, l (3.11)∑
l

dlc ≤ dc ∀c ∈ A (3.12)∑
l

ml
c ≥ mc ∀c ∈ GD (3.13)

xl, ξlc,m
l
C , d

l
C ≥ 0

We do not need an explicit constraint
∑

l ξ
l
c ≤ ξc. This condition will be satisfied automatically

because slack variables are always minimized to be as tight as possible. The solutions of (3.8)
and (3.4) are the same. Let us examine the structure of (3.8). The objective is decomposed
into blocks, indexed by l. The first three sets of constraints (3.9),(3.10) and (3.11) also have
block structure: only the variables with the same superscript l appear in one constraint. The rest
constraints (3.12) and (3.13) only contain dlc and ml

c variables. If we fix the values of dlc and
ml
c then the problem fully decomposes into l independent optimization problems for xlik and ξlc

variables, each of these child problems has the form of our main formulation of the previous
chapter, i.e. (3.3), with all parameters and variables having the same subscript l. We can rewrite
(3.3) problems using the following compact notation:

max
xl,ξlc

f l(xl, ξlc,m
l
c, d

l
c) (3.14)

s.t. {xl, ξlc} ∈ Sl(ml
c, d

l
c)

where f l denotes the objective function, parameterized byml
c and dlc and Sl is a convex feasibility

region defined by the original constraints also parameterized byml
c and dlc. The solution of (3.14)

is a function of parameters ml
c and dlc:

f l∗(ml
c, d

l
c) = max

xl,ξlc

f l(xl, ξlc,m
l
C , d

l
c|{xl, ξlc} ∈ Sl) (3.15)

Finally we can rewrite (3.8) using our new compact notation to fully reveal its hierarchical struc-
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ture:

max
ml

c,d
l
c

∑
l

f l∗(ml
c, d

l
c) +

∑
c∈GD

dc (3.16)

s.t.
∑
l

dlc ≤ dc ∀c ∈ A∑
l

ml
c ≥ mc ∀c ∈ GD

ml
c, d

l
c ≥ 0

This is one of the standard hierarchical optimization formulations, also called bi-level math-
ematical programming problem [4]. The elements of the objective function are optimization
problems. The variables ml

c and dlc are called connecting variables. Optimization of connecting
variables (as defined in (3.16)) is called the master problem. The optimization problems in x and
ξ variables (as defined in (3.14)) are called child problems.

This decomposition converts a high-dimensional flat mathematical programming problem
(3.4) into a lower dimensional hierarchical problem with potentially more complex functional
dependency. The convexity theorem from [12] guarantees that the master problem is convex
(discussed in the next section). This property allows us to use mixed strategies for optimization
with respect to connecting variables and child-problem variables (sections 3.3 and 3.4).

3.2.3 Convexity of the Master Problem
Before proving the convexity of the master problem (3.16) we formulate several complementary
lemmas.
Lemma 3.2.1 Linear program in standard form:

max cᵀx (3.17)
s.t. Ax ≤ b

x ≥ 0

can be equivalently rewritten as

max cᵀx +
∑
i

g+(bi − ai
ᵀx) (3.18)

s.t. x ≥ 0

where g+(x) is a barrier function:

g+(x) =

{
0 if x ≥ 0
−∞ if x < 0

(3.19)
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Proof If any of the constraints is violated then the barrier and therefore the objective functions
become −∞. If all the constraints are satisfied, then the objective in (3.18) becomes the original
objective cᵀx.

Lemma 3.2.2 The barrier function g+(x) is concave.

Proof Follows directly from the definition of a concave function

g+(λx+ (1− λy)) ≥ λg+(x) + (1− λ)g+(y) λ ∈ (0, 1) (3.20)

if both x ≥ 0 and y ≥ 0 then both sides of the inequality are 0 and it holds; if either x < 0 or
y < 0 then the right hand side is −∞ and the inequality holds.

The next lemma is a well-known fact about operations that preserve convexity and goes
without proof (see [11]). We will also use other criteria such as composition with affine function
and nonnegative weighted sum.
Lemma 3.2.3 (Maximization criteria) if f(x, y) is concave in (x, y) and C is a convex set, then

g(x) = inf
y∈C

f(x, y) (3.21)

is concave.

Lemma 3.2.4 The solution of a standard LP (3.17) is concave as a function of its parameter b.

Proof According to the Lemma 3.2.1 we can reformulate the standard LP as (3.18). The objec-
tive of reformulation:

f(x,b) = cᵀx +
∑
i

g+(bi − ai
ᵀx) (3.22)

is concave in (x,b) as a sum of a linear function cᵀx and a composition of concave g+ (Lemma
3.2.2) and affine bi − ai

ᵀx functions. Now we can apply maximization criteria lemma 3.2.3 to
f(x,b).

Theorem 3.2.5 (Convexity of master problem) The problem defined in (3.16) is convex.

Proof The constrained maximization problem is concave if and only if the feasibility region is
convex and the objective function is concave (convex for minimization problems). The convexity
of the feasibility region is obvious as it is defined by the set of linear inequalities. The objective
function is a summation, it is sufficient to establish concavity of each summand:

f l∗(ml
C , d

l
C) = max

xlik,ξ
l
C

f l(xlik, ξ
l
C ,m

l
C , d

l
C |{xlik, ξlC} ∈ Sl) (3.23)

here f ∗ is a solution of an LP and its concavity follows directly from the Lemma 3.2.4.
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3.3 Solving the Master Problem via Gradient Projection
The problem is (3.16) is a standard convex optimization problem with linear constraints.

max
ml

c,d
l
c

∑
l

f l∗(ml
c, d

l
c) +

∑
c∈GD

dc (3.24)

s.t.
∑
l

dlc ≤ dc ∀c ∈ A∑
l

ml
c ≥ mc ∀c ∈ GD

ml
c, d

l
c ≥ 0

The components of the objective function (solutions of child problems) are monotone with
the arguments: as dlc increases for auction campaigns or ml

c decreases for GD campaigns the
objective function is guaranteed not to decrease. Essentially this means that providing more
money for Auction campaigns and decreasing click burden for GD campaigns cannot make the
allocation worse. It follows that there exists a solution of (3.24) with all the constraints active
and inequalities can be replaced with equalities.

The most generic optimization method available to solve (3.24) is a gradient projection
method [14]. To be precise, we use a subgradient projection [62] because the solution of a
linear program is a convex polytope of the parameters and is not differentiable. The gradient
projection method, as its name suggests, projects the gradient of the objective function onto the
feasibility region. The projection yields the direction of the steepest ascent within the feasibility
region. The algorithm is presented below:

1: Solve maxx f(x) subject to Ax ≤ b
2: Find initial feasible solution x0 : Ax0 ≤ b, set step n = 0
3: Initialize the subset of active constraints J : aᵀ

jx = bj for j ∈ J
4: while |f(xn−1)− f(xn)| > ε - not converged do
5: Compute gradient: ∇f(xn)
6: The search direction is the orthogonal projection of the gradient onto the subspace of

active constraints: s = [I − Aᵀ
J(AJA

ᵀ
J)−1AJ ]∇f

7: if s = 0 we need to check the vector of Lagrange multipliers: λ = (AJA
ᵀ
J)−1AJ∇f . If

λj ≤ 0 ∀j ∈ J we found maximum, if some λj > 0 we should remove a constraint j
from the active set J and recompute the search direction.

8: Do linear search: α∗ = arg maxα>0 f(xn + αs). The possible value of α has an upper
bound, that is defined by non-active constraints - i.e. we can move forward until some of
the inactive constraints becomes active, if this point is the maximum we add the constraint
to the set of active constraints J .
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9: Update: xn+1 := xn + α∗s and n := n+ 1.
10: end while

We use this algorithm to solve the problem (3.24). We derive all the equations of the al-
gorithm (updates, projections and Lagrange multipliers) for our problem: most steps take very
simple and intuitive forms. Below we explain how some of the steps of the algorithm look for
our problem.

Step 2. We use a non-hierarchical solution with coarse granularity, i.e. the solution from
the first chapter, to initialize a feasible starting point x0. We compute how much money each
advertisers spends per query according to the coarse solution and use it as dlc. If the advertiser
does not spend all of his budget,

∑
c∈GD

dlc < dc, we scale query-specific budgets dlc up until the

budget constraint is active. We do the same for the clicks of GD campaigns ml
c. In case of

underdelivery
∑
c∈GD

ml
c < mc we scale all ml

c up until
∑
c∈GD

ml
c = mc.

Step 3. The budget and the click constraints in the solution are active. Some of the positivity
constraints can be active too. Since our variables are grouped by campaigns, we group active
positivity constraints by campaigns as well. Jc: l ∈ Jc ⇐⇒ dlc = 0 for auctions or ml

c = 0 for
GD.

Step 5. To compute the gradient (subgradient) of the objective function we need to compute
the gradient (subgradient) of each component f l∗ which is a solution of an LP with respect to the
parameters of the constraint matrix. We can use the vector of dual variables of the child as its
gradient direction. The dual variable yj for a constraint aᵀ

jx ≤ bj tells us the improvement of the
objective if we are allowed to relax bj . If the dual variable yj = 0 then the constraint is not active
and relaxing it won’t change the objective. Let us denote the gradients of the original problem
as:

ylc =

{
∂
∂dlc
f ∗l c ∈ A

∂
∂ml

c
f ∗l c ∈ GD (3.25)

In the previous chapter we used yc to denote the dual variable of the LP, that corresponds to
the campaign budget or click constraint, here it denotes the same dual variable but for the child
problem l.

Step 6. The search direction computation. Our constraints have block diagonal form, each
variable has only one non-zero coefficient in the constraints matrix (plus positivity constraint),
this makes the computation of the projection very easy. For every children task l and for every
campaign c:

slc =

{
ylc −meanj /∈Jc(yjc) if l /∈ Jc
0 if l ∈ Jc

(3.26)
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Figure 3.5: Block angular structure of LP. Grey blocks correspond to non-zero variables; white
blocks correspond to zero variables. The vector ci is a subvector of the objective coefficients
vector, A is the constraints matrix, bi is the subvector of the constraints bound.

The intuition about the above expression is the following. We increase the variables with partial
derivative above average and decrease the variables with partial derivative below average. This
corresponds to the redistribution of a limited resource. Since the sum of resources of each cam-
paign is fixed, we can only add resources to a child by taking them from other children. The
resources go to those children that use the campaign resources more efficiently (higher ylc). The
second line tells us that those variables (active constraints) that are set to zero remain constant.

Step 7. If s = 0 we should check if we can improve the objective by relaxing some of the
active constraints. The candidates are:

l ∈ Jc : ylc > meanj /∈Jc(y
j
c) (3.27)

Following the intuition of the step 6, if some variable has a good potential to increase the objec-
tive function we should remove it from the set of active constraints.

Step 8. In this step we identify the upper limit αmax of the linear search. This limit is
determined by the first constraint that becomes active. In our formulation this is the first non-
zero variable that becomes zero. For convenience we rename the variables as zlc = dlc if c ∈ A
and zlc = ml

c if c ∈ GD, then:

zlc + αslc = 0 α > 0 (3.28)

αmax = min
c,l:slc<0

−zlc/slc (3.29)
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3.4 Solving the Master Problem via Dantzig-Wolfe Decompo-
sition

In this section we present a decomposition technique that is designed especially for linear pro-
grams. The original flat optimization problem (3.8) in chapter 2 is a linear program. Hierarchical
decomposition of (3.8) results in a set of children subprograms (also LP) and the master pro-
gram (not LP). Is it possible to decompose the problem in such a way that the master is also
a linear program? The answer is yes: the programs with special structure can be solved using
Dantzig-Wolfe decomposition [20].

Let us summarize the main idea of the algorithm first: the solution of the master program can
be represented as a linear combination of the solutions of the subproblems. The master program
requests an additional solution of a subproblem if it can improve the master’s objective. To re-
quest a new solution of a subproblem the master selects the parameter values for this subproblem.
This algorithm is based on delayed column generation. In chapter 2 we already used delayed col-
umn generation to solve the linear program formulated for the joint optimization framework. The
foundation for the application of DCG here is the same: few constraints and a huge number of
varialbes. To select (generate) the important variables we formulate a complementary optimiza-
tion problem. In chapter 2 these complementary problems are solved by dynamic programming.
In this section the complementary problems are formulated linear programs.

Now we can proceed to the formal description of the algorithm. In order to apply Dantzig-
Wolfe decomposition the program has to have the block angular structure, see figure 3.5:

max
x

cᵀ1x1 + · · ·+ cᵀkxk (3.30)

A01x1 + · · ·+ A0kxk ≤ b0

A11x1 ≤ b1

. . .

Akkxk ≤ bk

xi ≥ 0

The first set of constraints, expressed by A0i may contain all the variables of the problem.
These constraints are called linking constraints. Other constraints segment the variables into
k subsets and form a block-diagonal constraints matrix. Without linking constraints A0i the
optimization problem can be fully decomposed into k independent optimization problems with
each subproblem covering its subset of the variables.

We will first outline the Dantzig-Wolfe decomposition algorithm that solves (3.30) and then
derive the equations for our problem (3.8). The algorithm is based on the representation theorem
for convex polyhedra. Convex polyhedron is the intersection of a finite set of linear equalities
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and/or inequalities. Feasibility region of a linear program is a convex polyhedron. The repre-
sentation theorem states that every bounded convex polyhedron can be expressed as a convex
combination of its extreme points (vertices), or in other words, a convex hull of its extreme
points. For unbounded polyhedra the theorem is extended in the following way: the convex
polyhedron can be expressed as a convex combination of its extreme points and a non-negative
combination of its extreme rays. Below are the two alternative representations of a polyhedron
Xi according to the representation theorem:

Xi :

{
Aiixi ≤ bi
xi ≥ 0

⇐⇒


xi =

∑
j λijvij +

∑
j µijrij∑

j λij = 1

λij ≥ 0, µij ≥ 0

(3.31)

where vij is a vertex (extreme point) of the convex polyhedronXi, rij is its extreme ray (extreme
direction) and λij and µij are the coefficients of the linear combination. We apply this theorem
to the constraints of (3.30) and rewrite it in a compact form as:

max
x

cᵀ1x1 + · · ·+ cᵀkxk (3.32)

A01x1 + · · ·+ A0kxk ≤ b0

xi ∈ Xi

or, using the right hand side of (3.31) as:

max
λ,µ

k∑
i=1

cᵀi

[∑
j

λijvij +
∑
j

µijrij

]
(3.33)

k∑
i=1

A0i

[∑
j

λijvij +
∑
j

µijrij

]
≤ b0∑

j

λij = 1 ∀j ∈ 1..k

λij ≥ 0, µij ≥ 0

This reformulation is also a linear program with new variables λ and µ, each new variable corre-
sponds to a vertex or to an extreme ray of one of the k polyhedra. The number of vertices/rays
can be very large, but the number of constraints is small: dim(b0) + k. This means that the
number of non-zero variables in the solution is limited. We use delayed column generation to
identify these good variables (vertices and rays). (3.33) above is an unrestricted master problem
that is equivalent to the original LP (3.30). At each step we assume that only subset of vertices
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and rays for each of the k polytops is present in the formulation, we denote these subsets as J (v)
i

(for vertices) and J (r)
i for ray. The problem below differs from (3.33) only in the summation

limits for j:

max
λ,µ

k∑
i=1

cᵀi

 ∑
j∈J(v)

i

λijvij +
∑
j∈J(r)

i

µijrij

 (3.34)

k∑
i=1

A0i

 ∑
j∈J(v)

i

λijvij +
∑
j∈J(r)

i

µijrij

 ≤ b0 (3.35)

∑
j

λij = 1 ∀i ∈ 1..k (3.36)

λij ≥ 0, µij ≥ 0

This is the restricted version of the master problem (since we removed some of the variables).
The number of variables that we keep is equal to the maximum possible rank of the constraints
matrix:

∑k
i=1 |J

(v)
i | + |J

(r)
i | = dim(b0) + k. Now we will iteratively add some of the removed

variables that can improve the objective. A missing vertex vij will improve the objective of
(3.34) if and only if the corresponding variable λij has positive reduced price:

cᵀivij − yᵀA0ivij − zi > 0 (3.37)

where y is a vector of dual variables that correspond to the constraints (3.35) and zi is a dual
variable that corresponds to the i-th constraint of (3.36). To find the variable with the positive
reserved price we can formulate the following maximization problem:

max
vij

(cᵀi − yᵀA0i)vij (3.38)

s.t vij is a vertex of polyhedron Xi

Now we reverse the representation theorem to go back from convex hull representation to the
inequalities representation:

max
xi

(cᵀi − yᵀA0i)xi (3.39)

s.t Aiixi ≤ bi

xi ≥ 0

This optimization problem is our child optimization. If we go back and take a look at the struc-
ture of the original problem (3.30) we can see that the child corresponds to a block diagonal
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Figure 3.6: Mapping of our LP formulation to generic Dantzig-Wolfe decomposition notation.
Variables xi, objective coefficients ci, connecting matrix A0i, child specific matrix Aii and the
vector of constraint bounds b0, bi are presented.

component i with the modified objective. If the solution of (3.39) is bounded and the objective
is > zi then we add this solution as a new vertex to the restricted master problem (3.34). If the
objective is ≤ zi we terminate the optimization algorithm. If (3.39) is unbounded, then we have
a candidate ray to add the master problem.

Let us apply this technique to our linear program (3.8). Specifically, we will formulate the
master and the child problems. First of all we want to make sure that our problem is block
angular and specify every element of the decomposition: A0i, Aii, b0, bi, ci, xi. This is easy to
do graphically. On Figure 3.6 we show all the variables and all the constraints of (3.8) groupped
in block angular form.

The variables for each child consist of four sets: the variables that correspond to the columns
of ads (x), the slack variables for GD campaigns (ξ), the child specific auction budget and GD
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click constraint variables (d and m). The objective function contains only ad column variables
and the slack variables. The connecting constraints contain only child specific budgets and click
requirements: ∑

l

dlc ≤ dc (3.40)∑
l

ml
c ≥ mc (3.41)

(3.42)

I.e. the sum of child specific budgets of a campaign cannot exceed the global campaign bud-
get. Similarly, the click requirements of all the children cannot be lower than the global click
requirement. The blocks Aii represent within child constraints for spending, clicks and number
of displays. We can formulate our variant of the child problem l (3.39):

max
xl,ξl,ml,dl

αlᵀxl −
∑
c∈GD

µcξ
l
c +

∑
c∈GD

ycm
l
c −
∑
c∈A

ycd
l
c (3.43)

s.t. δlc
ᵀ
xl ≤ dlc ∀c ∈ A

βlc
ᵀ
xl + ξlc ≥ ml

c ∀c ∈ GD∑
k

xlik ≤ 1 ∀i

xlik, ξ
l
c,m

l
c, d

l
C ≥ 0

where yc ≥ 0 are dual variables of the master problem. Pay attention, that the budgets dc and
the clicks requirements mc and variables. This means that we can set the budget as large as we
want. Of course, using a large budget is penalized in the objective function: money is a resource
that has its cost. We cannot use very large budgets efficiently because the number of query
submissions is limited. Finding the most efficient budgets becomes a part of the optimization
problem. The same reasoning applies to the click requirements of GD campaigns.

Fortunately, we can find the optimal ξlc, m
l
c and dlc analytically. First, dual variables yc ≥ 0,

therefore smaller values of dlc and larger values of ml
c favour the objective and the constraints are

active:

δlc
ᵀ
xl = dlc ∀c ∈ A (3.44)

βlc
ᵀ
xl + ξlc = ml

c ∀c ∈ GD

We can substitute these equalities into the objective:(
αlᵀ +

∑
c∈GD

ycβ
l
c

ᵀ −
∑
c∈A

ycδ
l
c

ᵀ

)
xl +

∑
c∈GD

(yc − µc)ξlc (3.45)
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If yc > µc the problem is unbounded, the solution is ξlc = +∞. This solution of a child problem
corresponds to an extreme ray in the direction of positive ξlc axis. The number of rays is con-
strained by the number of GD campaigns. If yc ≤ µc then ξlc = 0 is the solution and the problem
reduces to:

max
xl≥0

(
αlᵀ +

∑
c∈GD

ycβ
l
c

ᵀ −
∑
c∈A

ycδ
l
c

ᵀ

)
xl (3.46)

s.t.
∑
k

xlik ≤ 1 ∀i

The solution of this problem is quite obvious. For each cluster of submissions i we pick one
variable with the highest objective coefficient and set it to one. The problem of finding the
highest coefficient is equivalent to the problem of finding the best column in chapter 2. We solve
it using the same dynamic programming algorithm:

max

(
α +

∑
c∈GD

ycβc −
∑
c∈A

ycδc

)
(3.47)

To summarize the algorithm presented in this section. The flat optimization has individual
ranked lists of ads as variables. The decomposition technique groups several lists together to
form a high level object. Each object has one ranked list per each cluster of submissions for
some query. The goal of the child optimization is to generate these objects. The goal of the
master optimization is to combine these objects together.

3.5 Clustering of Query Submissions
To control the granularity of the allocation problem we group the query submissions into coherent
clusters. The granularity is determined by the size and the number of the clusters - we are free to
choose these parameters. Each cluster represents a node in the allocation chart and therefore all
members of the cluster share the same allocation parameters, most importantly, click probability
predictions. This gives the intuition which clustering criteria to use: the query submissions with
similar ad pclicks should be clustered together. We use pclicks as features of the query. For every
query q the search engine determines a set of relevant ads Jq. For every submission qi of query q
the search engine estimates the click probability of these relevant ads:

pij =

{
PClick(qi, aj) j ∈ Jq
0 j /∈ Jq

(3.48)
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Each query submission qi is represented by the vector of pclick predictions pi. We use K-means
[34] to cluster the submissions. The minimization objective of K-means is the within cluster sum
of squares (WCSS):

arg min
S

K∑
l=1

∑
qi∈Sl

||pi − pl||2 (3.49)

where pl is the mean of the cluster l

pl =
1

|Sl|
∑
qi∈Sl

pi (3.50)

K-means tends to produce the clusters of equal size. The quality of the allocation should increase
monotonically with the number of clustersK. In the limit case, whenK is equal to the number of
distinct submissions, we get the perfect allocation (under the condition that the pclick predictions
are accurate). Different criteria can be used to select the number of clusters. The problem size
and execution time grows with K therefore we can select K based on acceptable execution time.
A principled way to select K is based on the size of the cluster. Since pclick predictions and
therefore feature vectors pi are not perfect, making cluster size too small, i.e. comparable with
the estimation error, does not make sense. This criterion allows us to choose the cluster size
adaptively for each query.

In this work we do not investigate the effect of feature selection and feature scaling. These
techniques can potentially improve the clustering quality. For example, the advertisements with
small budgets should have reduced effect on the clustering since they are not displayed very
often. On the other hand the weight of the ads with high bids (for auctions) or high per click
costs (for GD) should be increased. We leave this analysis for the future work.

Below we provide some intuition about the convergence of the objective function of the
allocation (search engine revenue) as the number of clusters increases. For simplicity we assume
that there is only one query q. We also assume that we can express the probability of the ad aj
to be displayed times the average payment of this ad as a function of click probabilities of all the
competitors: fj(p). Then the expected payment for this ad if the query q is submitted is fj(p)pj .
Similarly, the expected revenue from all the ads given one submission of the query is:

g(p) = fᵀ(p)p =
∑
j

fj(p)pj (3.51)

For a number of submissions of this query the expected revenue is:

R =
∑
i

fᵀ(pi)pi (3.52)
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Now assume that we group all the submissions of the query into several clusters with means pl.
The probability of displaying the ad and the payment depends only on the cluster means, and
then the modified revenue is:

RK =
K∑
l=1

∑
i∈Sl

fᵀ(pl)pi =
K∑
l=1

fᵀ(pl)
∑
i∈Sl

pi =
K∑
l=1

|Sl|fᵀ(pl)pl (3.53)

The difference of revenues:

R−RK =
K∑
l=1

∑
i∈Sl

(fᵀ(pi)pi − fᵀ(pl)pl) =
K∑
l=1

∑
i∈Sl

(g(pi)− g(pl)) (3.54)

Let’s assume that g(p) is Lipschitz continuous, i.e.

∃C ∈ R : |g(p1)− g(p2)| ≤ C||p1 − p2||2 (3.55)

Then the difference between revenues can be bounded:

|R−RK | ≤
K∑
l=1

∑
i∈Sl

|g(pi)− g(pl)| ≤ C
K∑
l=1

∑
i∈Sl

||pi − pl||2 (3.56)

The last expression is the minimization objective of the K-means clustering (within cluster sum
of squares) multiplied by a constant C. It supports our choice of the clustering algorithm. The
revenue gap reduces as the clustering quality improves with at least linear rate. We verify this
expression experimentally in the results section of this chapter.

If the pclick predictions are not accurate then the right hand side of the last expression will
be perturbed by the estimation error ε. When the within cluster distance becomes smaller than ε,
then epsilon starts to dominate the upper bound and the improvement of the clustering quality
will no longer guarantee the reduction of the revenue gap. As we mentioned earlier, this is an
intuitive result, it does not make sense to consider the granularity with the resolution beyond the
parameter estimation error.

Let us discuss the implications of the assumption, that g is Lipschitz continuous. This is a
strong assumption; it actually states that the perturbation of the problem parameters does not
lead to large changes in the objective. It is easy to show that GSP allocation rule satisfies this
assumption when there are no budget constraints. If there are budget constraints, it is easy to
come up with a counter example that breaks Lipschitz continuity. Consider two ads: a1 has a
large budget and a2 has s small budget. The ad a1 is ranked slightly higher than a2, but pays
significantly more per click. A small perturbation can flip the ranking of these two ads. This
will result in high payments for the ad with small budget and low payments for the ad with large
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budget. The same counter example can be used to show that the objective of our optimization
based approach is not Lipschitz continuous. If we only have GD campaigns then under some
mild regularity conditions we can use the result from [59] to prove that the objective is locally
(but not globally) Lipschitz continuous. As we can see, Lipschitz continuity is hard to establish,
but in real and very large problems the situations like the counter example above will have local
effects. It is natural to assume that the objective function is well behaved on average. In the
results section we will evaluate the convergence empirically to support this claim.

3.6 Results
We use the dataset from the previous chapter for evaluation. It contains 1000 queries and 1,5
million query submissions, i.e. 1500 submissions per query on average. The most frequent
query “microsoft” was submitted about 300,000 times and the least frequent - 370 times. For
each query a number of candidate ads is selected by the search engine during the preliminary
filtering. The pclick estimations for these ads are available in the log and we use them as the
features for clustering. The number of clusters per query ranges from 2 to 512. I.e. the number
of left hand side nodes in the allocation graph can grow up to 512,000.1 We limit the number of
clusters to 128 for the flat allocation algorithm because the execution times get too long.

We test four different methods: pure auctions baseline, flat optimization and two variants
of hierarchical optimization based on gradient projection and Dantzig-Wolfe decomposition. We
use timing in addition to the evaluation metrics used in the previous chapter (revenue, clicks, cost
per click and delivery rate). We use a computer cluster with 2.3Ghz 64bit nodes (AMD Opteron
processors). Each allocation task is executed in a single thread without parallelization, i.e. one
task per node at a time.

First, we analyze the quality of clustering using the within-cluster sum of squares (WCSS):

WCSS =
k∑
i=1

∑
xj∈Si

‖xj − µi‖ (3.57)

where µi is the centroid of the cluster Si. The WCSS against the number of clusters is plotted
in Figure 3.7. Quality improves very fast as the number of clusters per query grows. WCSS at
K=512 amounts to 2.6% of WCSS at K=1. In section 3.5 we hypothesized that WCSS can be
used to estimate the loss in the revenue and the number of clicks compared to the perfect clus-
tering (zero WCSS) when we use one cluster per query submission. According to the hypothesis
the loss is bounded by WCSS multiplied by a constant, equation (3.56). On figure 3.8 we report

1In reality the maximum number of nodes is slightly less because some queries have fewer than 512 distinct
submissions.
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Figure 3.7: Quality of clustering: within cluster sum of squares.

the revenue and the number of clicks achieved by flat optimization as a function of WCSS. Both
dependencies are almost linear. We conclude that the hypothesis is reasonable: WCSS is a good
indicator of the revenue and the number of clicks. We can predict the perfect performance at
WCSS = 0 that we could achieve with infinite computational resources. The predicted revenue
at WCSS = 0 is around 2.04 · 107 which is only 0.7% better than the best revenue achieved
by the flat optimization at K=128. The predicted number of clicks at WCSS = 0 is around
5.35 · 105 which is 2% better than the best value achieved by the flat optimization at K=128.

The revenue, clicks, cost per click, delivery rate and CPU time (in seconds) of different
methods are reported on figure 3.9. All the metrics (except the timing) improve as the number of
cluster increases. Flat optimization is the best in revenue and the number of clicks. Hierarchical
optimization with gradient projection is slightly worse (around 0.6% in revenue and around 2% in
clicks) than flat optimization, but it is much more efficient in terms of CPU time. For instance, for
K = 128 flat optimization takes 13 hours while hierarchical optimization takes only 6 minutes:
this is 2 orders of magnitude improvement. Figure 3.10 shows how fast each of the methods
achieves certain performance.

Most of the results agree with our expectations and with the results of the previous chapter.
For instance, our framework significantly outperforms the auction baseline in the number of
clicks for all granularity levels. The relative improvement in the number of clicks increases from
9.5% for K=1 to 15.4% for K=512. The revenue of our framework is practically the same as
the revenue achieved by the baseline. We already discussed this disproportion of the clicks and
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Figure 3.8: Revenue and the number of clicks of flat optimization as a function of clustering
quality (WCSS). The measurements correspond to the numbers of clusters K=128, 64, 32, 16, 8,
4, 2, 1 (from left to right).

the revenue in the previous chapter. The search engine will be able to control the balance by
the premium CPC payments. One unexpected result is that the hierarchical optimization with
Dantzig-Wolfe decomposition has a surprisingly low revenue compared to the gradient decent.
In our experience this method is quite sensitive to the choice of the initial solution. We plan to
explore the ways to improve its performance in our future work.

To summarize the experimental findings, hierarchical optimization wins in scalability at the
cost of objective value. The improvement in CPU time is very significant: two orders of mag-
nitude and keeps increasing as the size of the problem increases. The loss in revenue and the
number of clicks is quite small: 0.6% for the revenue and 2% for the clicks.

3.7 Summary
In this chapter we presented a hierarchical optimization algorithm for our ad allocation opti-
mization framework. Formulating the allocation problem at the right granularity level is very
important to achieve good performance. Coarse granularity leads to poor performance. Fine
granularity faces scalability issues. The proposed algorithm decomposes one huge problem into
a set of smaller problems that depend on each other through a special set of connecting variables.
Sub-problems can be solved independently given the connecting variables. This provides great
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Figure 3.9: The main performance metrics as a function of the number of clusters per query, K.
The largest K for flat optimization is 128. Pay attention to log scale of y-axis for CPU-time.
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Figure 3.10: The main performance metrics as a function of CPU time.
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potential for parallelization. The connecting variables are optimized by a dedicated master opti-
mization algorithm. We show that the master optimization problem is convex. We propose two
variants of master optimization: the gradient projection and Dantzig-Wolfe decomposition.

The experimental results confirm that hierarchical optimization provides great speed up (at
least two orders of magnitude) at some cost of the objective value. In general, gradient descent
methods are considered to be slow. The fact that we achieved good performance using gradient
descent suggests that a better optimization algorithm that makes use of the problem structure
is likely to exist. We hoped that Dantzig-Wolfe decomposition would be such a method, but
it turned out to be inferior in terms of revenue. According to our observations Dantzig-Wolfe
is very sensitive to the starting point. Finding a better starting point (e.g. by using a different
optimization algorithm) can potentially improve the effectiveness. The main focus of our fu-
ture work on hierarchical optimization is the reduction of the performance gap between flat and
hierarchical optimization while maintaining the scalability of the latter.

The other direction of future work is problem specific graph partitioning and query clus-
tering. In order to decompose the problem we partition the bipartite graph based on the query
string. Other existing graph partitioning techniques, applied in machine learning (e.g. [74]) and
graphical modeling, can potentially improve the overall quality of allocation. We will investigate
the possibility of using a problem specific partitioning that depends on the objective function of
the optimization framework. The same points apply to clustering of query submissions. The
objective of the k-means clustering algorithm that we use in this work is not directly related to
the optimization objective (although, the correlation exists as we show in section 3.5). We plan
to design a problem specific clustering algorithm that depends on the framework objective (this
idea was explored for display advertising in [68]).
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Chapter 4

Game Theoretic Approach to Modeling of
the Advertisers’ Optimal Strategies

4.1 Introduction

In the previous two chapters we presented a novel ad allocation algorithm for sponsored search.
Up to this point we investigated the problem from the position of the search engine. On our
end the search engine gathers the information from all the advertisers and tries to satisfy their
diverse needs and simultaneously maximizes its revenue. In this setup all the decisions of the
advertisers are assumed to be given and fixed. In this chapter we change our perspective and
focus on the advertisers: their reasoning and decision making. Our main interest is the optimal
choice between auctions and guaranteed delivery, because the joint modeling of auctions and GD
is the central point of our framework.

We say that we approach the problem from the advertiser’s perspective, yet the ability to
predict the advertisers’ behavior is primarily beneficial for the search engine. For instance, it
allows us to perform a more reliable evaluation of the algorithm. In chapter 2 we randomized the
behavior of the advertisers for evaluation. Figure 4.1 depicts the average revenue and number of
clicks from chapter 2 along with two extreme instances handpicked from the sample. Without
the information about the actual decisions the gap that is spanned by these two extreme points
demonstrates our uncertainty in the performance. In case of the revenue we are not even sure
if the performance is above or below the baseline. The other benefit is that with a good model
of the advertisers’ behavior the search engine can identify the advertisers who make suboptimal
decisions that harm both their own and the overall performances. The search engine can suggest
such advertisers the optimal strategy and hence maximize the revenue (and other performance
metrics). Clearly, the search engine is in the best position to optimize the performances of the
advertisers because it possesses the information about all the participants, unlike the advertisers
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Figure 4.1: Average revenue and the number of clicks curves (from chapter 2). Instances 1 and
2 represent two realizations of advertisers decisions.

themselves or the third-party companies that manage the campaigns for the advertisers. Surpris-
ingly, the search engine has an incentive to do so because it also improves its own revenue, as
our results suggest.

To predict thr advertiser’s behavior we have to solve a very sophisticated problem of interac-
tion of multiple competing participants (players). Each advertiser has her own utility (we use the
number of received clicks). In order to maximize this utility the advertisers adjust their bidding
strategies (which words to bid on and how much) and their investment strategies based on the
market. The investment strategies cover a set of long term decisions: the budget, the number
of clicks and choice of either auction model or a guaranteed delivery model. What the optimal
strategy is for each advertiser would depend on the strategies of all the other advertisers, and
a change in the strategy by one advertiser would cause the changes of many other advertisers.
Furthermore, such changes would unavoidably cause the online-ad engine to adjust its allocation
of ads accordingly, which in turn changes the advertisers utilities and causes new adjustments in
their investment strategies. Modeling of the actions of advertisers in such a dynamic environment
is a game theoretic problem, where Nash equilibrium [53] plays a central role. Nash equilibrium
characterizes the stationary and locally optimal state of the strategic interaction among multiple
players. Informally Nash equilibrium corresponds to a set of decisions (also called strategies) of
the players when no player can improve his utility by changing his decision given that the other
players do not change theirs. Finding the Nash equilibrium of a game, if successful, allows bet-
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ter understanding about the game and meaningful predictions such as the revenues of the search
engine and the individual advertisers at the stationary point.

In this chapter we present the game theoretic analysis of the advertisers’ decision between
auctions and GD in the framework, presented in Chapter 2. We discover the Nash equilibrium of a
game where the advertisers are allowed to switch between these two strategies. Among different
existing variants of the equilibrium: pure strategy equilibrium, mixed strategy equilibrium and
ε-approximate equilibrium, we focus our attention on the last one. Furthermore, we extend the
standard definition of ε-approximation in a way that is the most appropriate for our setup. We
explain and justify our choice in section 4.2.

Finding Nash equilibrium is generally a hard problem [21]. In online ads, equilibria has been
studied for relatively simple scenarios, such as the bidding strategies of advertisers in single-shot
auctions with the Generalized Second Price (GSP) rule [25, 26]. How to find Nash equilibrium
in more complex cases, such as strategic switching between GD and auction in response to the
changes of ad allocation by the search engine, has not been studied until this work. The main
difficulty in the analysis is that the utilities of the advertisers cannot be represented as closed-
form functions of the advertisers’ strategies. Usually having well-defined utility functions is
necessary (but not sufficient) for the analysis of the Nash equilibrium. If ad allocation relies
on the optimization algorithm then the utilities are determined procedurally as the output of the
optimization routine.

To address the above difficulties, we propose a novel approach to finding the Nash Equilib-
rium via local linear approximations of the utility functions. The key idea is to use ad-allocation
algorithm to collect training examples for the regression (we use lasso regression [65]). The
features of the regression are a vector of 0-1 values for the investment decisions (between auc-
tion and GD) by individual advertisers. The output is the click counts of the advertisers that we
use as their utility functions. Having such a regression model trained on a sufficient number of
input vectors, we obtain an approximation of the utility function for each advertiser. We use a
combination of simulated annealing and integer linear programming (ILP) optimization to find
the ε-approximate equilibrium for a set of linear utilities. In a two-stage algorithm the simulated
annealing in the first stage finds the approximate solution and ILP in the second stage refines the
approximation.

The chapter is organized as follows. In section 4.2 we discuss Nash equilibrium, its variants
and outline the existing work on its computation. In section 4.3 we describe our framework and
perform its theoretical analysis. Section 4.4 reports our experiments and results. We conclude
the work and the future research in Section 4.5.
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4.2 Nash Equilibrium
Nash equilibrium is the key concept in game theory. It is commonly used to analyze the strategic
interaction of multiple players. First, let us define such interaction, also called a game. The
following tuple is called a game: a set of players i = 1..n, a set of strategies or moves zi ∈ Zi
available to each player i and a real-valued utility functions ui of each player i for each possible
outcome of the game1. A vector of strategies/moves selected by the players z = {z1 . . . zn} is
called a strategic profile. The outcome of the game in our scenario is a deterministic function of
the strategic profile:

Q(z1, . . . zn) (4.1)

In the context of our ad allocation problem,Q is simply the solution of our optimization problem
for a particular input from the advertisers. A real-valued utility function ui is a function of the
outcome and is therefore a function of a strategic profile:

ui = ui(Q(z1, . . . zn)) = ui(z1, . . . , zn) (4.2)

We use the expected number of clicks as a utility function. This quantity can be easily computed
given the ad allocationQ. The players select their moves zi simultaneously and do not know the
moves of the opponents.

To predict the outcome of the game, the game theorists introduce the concept of the game
equilibrium: a state of the game when no player wants to change his/her strategy. There exist
different variants of the equilibrium: pure strategy Nash equilibrium (introduced as early as 1838
by A. Cournot [18]), mixed strategy Nash equilibrium [51], ε-approximate equilibrium [52, p.45]
etc. These definitions have different interpretation and properties. The choice of the right one
as the analysis tool depends on the nature of the game. We outline each of these equilibrium
definitions below, discuss their applicability to our problem and make the choice.

4.2.1 Pure Strategy Nash Equilibrium
A strategic profic z∗ is a Nash equilibrium in pure strategies if:

∀i, zi ∈ Zi : ui(z
∗
i , z
∗
−i) ≥ ui(zi, z

∗
−i) (4.3)

where z−i denotes the decisions of all the players except the decision of the player i:

z−i = {z1 . . . zi−1, zi+1 . . . zn} (4.4)

1A standard definition of a game has a preference relation for every pair of outcomes instead of a utility function.
Using a real valued utility function is one way to define such preference relation.
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In other words in the equilibrium state no player can improve his utility by changing his strategy
unilaterally, i.e. when the other players do not change theirs. Not every game has Nash equilib-
rium in pure strategies and some games may have more than one. Specifically, the game that we
are investigating may not have the equilibrium. We will demonstrate it using a counter example
later in the chapter. In case of multiple equilibria, finding the one with the worst performance
(social welfare, the sum of players utilities) is of the particular theoretical interest.

4.2.2 Mixed Strategy Nash Equilibrium
Many games do not have Nash equilibrium in pure strategies. This makes N.E. apparatus useless
for analysis of such games. In order to overcome this problem the mixed strategies were intro-
duced. Essentially, instead of choosing one of the moves zi ∈ Zi deterministically, the player
chooses the actions probabilistically by assigning probabilities to each move:

pi(z) :
∑
z∈Zi

pi(z) = 1 (4.5)

The utility functions are computed as the expectations of the utilities of pure strategies:

u′i(p1 . . . pn) = E[ui(z1 . . . zn)] =
∑
z1...zn

n∏
i=1

pi(zi)ui(z1 . . . zn) (4.6)

Nash equilibrium in mixed strategies is a set of probability vectors p∗1 . . . p
∗
n that satisfy:

∀i, pi (||pi|| = 1) : u′i(p
∗
i , p
∗
−i) ≥ u′i(pi, p

∗
−i) (4.7)

If the number of the players and the number of pure strategies Zi are finite then there exists at
least one Nash equilibrium in mixed strategies. This result, proved by Nash in [51], follows
from Kakutani’s fixed point theorem [37]. The main criticism of the mixed strategies is that the
random behavior is not typical for humans.

4.2.3 ε-approximate equilibrium
The approximate Nash equilibrium relaxes the original conditions of the Nash equilibrium (4.3).
Now each player can have a small incentive to change his strategy :

∀i, zi ∈ Zi : ui(z
∗
i , z
∗
−i) + ε ≥ ui(zi, z

∗
−i) (4.8)

In other words each player can win at most ε if he changes his strategy. The approximate equi-
librium can be defined for both pure and mixed strategy equilibria. In the definition above we
use pure strategies. Zero value of ε corresponds to the exact Nash equilibrium.
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Approximate equilibrium is more attractive than the Nash equilibrium for computational rea-
sons. It is easier to compute and is more natural when approximate computational algorithms are
used [52]. In addition, the games that do not have an equilibrium in pure strategies still have an
approximate equilibrium for some value of ε.

4.2.4 Our Choice

From the discussion it is clear that the ε-approximate equilibrium is more appropriate for our
setup. Our framework has several sources of approximation errors: click prediction, supply
forecast and the utility function approximation. When it comes to equilibrium computation we
do not gain anything by finding the exact equilibrium of a game that has errors in its specification.
We also need to choose between pure strategies and mixed strategies. We believe that the former
concept represents a more realistic scenario. It is quite unlikely that the advertisers make the
strategic decisions randomly. Yet our approach is capable of handling the mixed strategies too.

We propose two modifications of the approximate equilibrium (4.8). According to the defi-
nition above the tightness of the approximation is determined by the unhappiest player:

∆ui = max
zi∈Zi

(ui(zi, z
∗
−i)− ui(z∗i , z∗−i)) (4.9)

εtight = max
i

∆ui (4.10)

Online advertising involves thousands of players and statistically the probability that at least one
of them is very unhappy is very high. The maximum and the minimum are the least robust
summary statistics of a sample. Also, we have very diverse advertisers whose budgets may
differ by several orders of magnitude. Under such circumstances relying on the performance of a
potential outlier may not be representative enough. Instead, we propose two alternative ways to
define ε. In the first definition we count the percentage of the advertisers who can improve their
performances by changing the strategy. This way we ignore the size of the advertisers:

ε =
1

n

n∑
i=1

I(∆ui > 0) (4.11)

Where I is an indicator function (I(true) = 1 and I(false) = 0). The second way is to sum all
the unhappy advertisers instead of finding the unhappiest one:

ε =
∑
i

∆ui (4.12)
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4.2.5 Computation of Nash Equilibrium

Numeric computation of Nash Equilibrium is considered a hard problem (not solvable in poly-
nomial time) though no formal proof exists [21] [52]. Most research focuses on finding mixed
strategy equilibrium when the players are allowed to assign probabilities to their strategies and
therefore randomize their behaviors. Unlike pure strategy equilibrium that may or may not exist,
at least one mixed equilibrium always exists [51].

For a small set of games Nash Equilibrium can be found analytically by solving the system of
utility maximization conditions. Second prize auction is an example of such a game. When the
analytical solution is not possible (most real games) the numerical methods are applied. Famous
algorithms are Lemke-Howson algorithm [45] for 2-player games and simplicial subdivision
based algorithms (e.g. [66]) for n-player games. These algorithms assume many strategies per
player and have exponential worst case performance. The exponential complexity is a result
of combinatorially many subsets of pure strategies that form mixed strategies. Our problem is
conceptually different: each player has only 2 pure strategies, but there are thousands of players.
The space requirement to store the utility functions of N players is N2N . The computation of
one value of the utility function can take significant time. This makes many popular approaches
useless for our problem.

A totally different approach to equilibrium computation is based on reinforcement learning.
In the reinforcement learning setup an agent/player tries to maximize his rewards in a multi-
step game. The player chooses one action per move. The immediate rewards for choosing an
action are uncertain (e.g. due to unknown actions of the opponents) and the player learns these
uncertainties in the course of the game by randomizing his behavior. The likelihood to choose
the action depends on the past rewards associated with this action. In game theory reinforcement
learning techniques, motivated by human behavior, are used to explain how the real systems
arrive to equilibrium states. Some authors go in the reverse direction and simulate the learning
process to discover the equilibrium. For instance, in [50] the exploration/exploitation algorithm is
empirically shown to converge to the Nash equilibrium for a set of benchmark games. According
to this algorithm at each step the player either exploits by choosing the best action or explores by
choosing a random alternative action. The probability of exploration diminishes with time. The
algorithm does not require computation of the complete utility function matrix and therefore can
be used in our setup (we use it as a baseline). The choice of the right learning parameters (e.g.
the decay rate of the exploration probability) is very important. The algorithm may require a lot
of iterations to converge which is critical if the call to evaluate the utility function is time-costly.
The algorithm is sequential and therefore hard to parallelize.

The algorithm proposed in this work can be seen as a mixture of analytic and simulation
approaches. We use the learning techniques to systematically explore the strategic space of the
game. Then we use theoretically appealing methods to leverage the information obtained through

69



learning and to find the equilibrium.

4.3 Approximate Nash Equilibrium for Auctions and GD in
Sponsored Search

In this section we formulate the problem of choice between auctions and guaranteed delivery
as a game theoretic problem of finding equilibrium strategies. We use the expected number of
clicks as advertiser’s utility. The original utility function cannot be expressed in closed form
and is not amenable to analysis. To overcome this difficulty we use local linear approximations
of the utility functions. In order to find Nash equilibrium of a game with linear utilities we
formulate several optimization problems. In sections 4.3.1 and 4.3.2 we describe the utility
approximation algorithm and provide theoretic assessment of our approach, i.e. how the utility
function approximation affects the accuracy of the equilibrium. In section 4.3.3 we solve the
optimization problems to find the equilibrium. Two of our optimization problems aim to find
the tightest ε-equilibrium (with smallest ε) for two different definitions of ε, given in (4.11) and
(4.12). The other two optimization problems find the worst case social welfare for a fixed level
of approximation (fixed value of ε).

In section 2.4 we formulated the ad allocation as an optimization problem, formula (2.14)
presented below for convenience:

max
x,ξc

αᵀx +
∑
c∈GD

(dc − µcξc) (4.13)

s.t. δᵀ
cx ≤ dc ∀c ∈ A

βᵀ
cx− ξc ≤ −mc ∀c ∈ GD

1ᵀxi ≤ 1 ∀i
x, ξc ≥ 0

The expected number of clicks for a given solution x for any campaign is:

ui = −βᵀ
ix ∀i ∈ A ∪GD (4.14)

The solution x depends on the numerous parameters of the optimization routine that include
pclick predictions, information about queries, advertisers’ bids, budgets, click requirements and
their choice between auctions and guaranteed delivery. We focus our attention on the last param-
eter, the choice between auctions and GD for every advertiser. For convenience we denote this
complex dependency between the input parameters and the solution of the LP as Q:

x = Q(z1 . . . zn, η) (4.15)
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The binary variable zi ∈ {0, 1} expresses the choice of the advertiser between auctions (zi = 0)
and GD (zi = 1). The variable η covers all other parameters. The utility of the advertiser is then:

ui = −βᵀ
iQ(z1...zn, η) = fi(z1...zn) (4.16)

Each advertiser is only allowed two choices. It is convenient to distinguish the utility functions
for either of these choices:

ui,0 = fi(z|zi = 0) = fi,0(z) (4.17)
ui,1 = fi(z|zi = 1) = fi,1(z) (4.18)

Let us define ∆ui as the amount that the advertiser can gain or lose if he changes his strategy
from zi to 1− zi:

∆ui = fi,1−zi(z)− fi,zi(z) (4.19)

Then finding the tightest ε-equilibrium for two definitions of ε can be formulated as:

OPT1 : min
z

n∑
i=1

I(∆ui(z) > 0) (4.20)

OPT2 : min
z

n∑
i=1

∆ui(z)I(∆ui(z) > 0) (4.21)

OPT1 finds the state with the smallest number of unhappy advertisers, i.e. minimizes ε from
(4.11). OPT2 finds the state with the smallest sum of losses of unhappy advertisers, i.e. mini-
mizes ε from (4.12).

The worst case analysis for the social welfare for a given value of ε is then formulated as:

OPT3 : min
z

n∑
i=1

fi(z) Subject to:
n∑
i=1

I(∆ui(z) > 0) ≤ ε (4.22)

OPT4 : min
z

n∑
i=1

fi(z) Subject to:
n∑
i=1

∆ui(z)I(∆ui(z) > 0) ≤ ε (4.23)

The objective of these two problems is simply the sum of the utilities of the advertisers.

4.3.1 Approximate Utility and Convergence Analysis
Unfortunately, the solution of a linear program Q (and consequently the utilities fi,.) cannot be
expressed in closed form as a function of advertisers’ decisions. To address this problem we
propose to replace f in the problems OPT1-4 with its approximation f̃ :

fi(z) ≈ f̃i(z) (4.24)
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We will use the tilde .̃ to denote any expression that is obtained by replacing the actual utility
functions with their approximations. For example,

∆ũi = f̃i,1−zi(z)− f̃i,zi(z) (4.25)

The approximate versions of OPT1-OPT4 are the optimization problems obtained from OPT1-
OPT4 by replacing the utility functions with their approximations. To justify this substitution
we need to show that a good approximation of the utility leads to a good approximation of the
problem solution. This property can be proven for the problems OPT2 and OPT4, but not for
OPT1 and OPT3. We formulate it as the following theorems.

Theorem 4.3.1 Let f̃i(z) be a uniform approximation of fi(z) for all players, i.e. ∀i, z : |f̃i(z)−
fi(z)| ≤ δi. Then the difference between the true minimum and the minimum of the approximate
OPT2 (4.21) is at most 2

∑
i δi.

Informally, the theorem states that if the approximations of the utility functions are “good”, then
the approximation of the objective function is also “good” (we prove this statement below). Since
two functions are close to each other, it follows that the minimum value of the former one is close
to the minimum value of the latter.
Proof First, ∆ũi uniformly approximates ∆ui:

|∆ũi −∆ui| = |fi,0 − fi,1 − f̃i,0 + f̃i,1| ≤ |fi,0 − f̃i,0|+ |fi,1 − f̃i,1| ≤ 2δi (4.26)

Now we show that each summand in the objective of the approximate OPT2, ∆ũiI(∆ũi > 0),
approximates the summand in the objective of the original OPT2, ∆uiI(∆ui > 0). Consider two
cases.

Case 1: ∆ui and ∆ũi have the same sign.

I(∆ui > 0) = I(∆ũi > 0)

|∆uiI(∆ui > 0)−∆ũiI(∆ũi > 0)| = |∆ui −∆ũi| I(∆ui > 0) ≤ |∆ũi −∆ui| ≤ 2δi

Case 2: ∆ui and ∆ũi have different signs.

|∆uiI(∆ui > 0)−∆ũiI(∆ũi > 0)|
≤ |∆ui|I(∆ui > 0) + |∆ũi|I(∆ũi > 0)

≤ |∆ũi|+ |∆ui| = |∆ũi −∆ui| ≤ 2δi

Both cases give the same upper bound 2δi. Finally, we can establish the approximation for the
objective function of OPT2 as the sum of approximation factors of individual summands, i.e.
2
∑

i δi.
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Theorem 4.3.2 Let f̃i(z) be a uniform approximation of fi(z) for all players, i.e. ∀i, z : |f̃i(z)−
fi(z)| ≤ δi. Let g(ε) be the minimum of the original OPT4 and g̃(ε) be the minimum of the
approximate OPT4. Let τ =

∑
i δi Then the following inequality holds:

g̃(ε+ 2τ)− τ ≤ g(ε) ≤ g̃(ε− 2τ) + τ (4.27)

The statement of this theorem might not be intuitive because we deal with constrained opti-
mization problem. Similar to the first theorem, we show that the objective function and the
approximate objective are close to each other. But the feasibility regions may differ, therefore
we need an extra step that establishes the relationship between the feasibility regions of the orig-
inal optimization and the approximate optimization. We use the monotonicity of the feasibility
region as a function of ε, i.e. as ε increases, the feasibility region does not decrease. Then we
establish the following relationship between the feasibility regions:

FeasApprox(ε1) ⊆ FeasOrig(ε) ⊆ FeasApprox(ε2) (4.28)

for some values of ε, ε1 and ε2 that are close to each other. Finally, we use the fact that the
minimum of the function monotonically decreases as the feasibility region grows.
Proof We prove the theorem in two steps that can be summarized as follows. First, we properly
bound the feasibility region of OPT4. Second, we bound the objective function. Together these
two bounds provide the bound on the minimum of the optimization. The feasibility region of
OPT4 is:

z ∈ Z(ε) :
n∑
i=1

∆ui(z)I(∆ui(z) > 0) ≤ ε (4.29)

The left hand side of the inequality is the objective of OPT2 and the previous theorem already
establishes the bounds on this expression in terms of utility approximation:
n∑
i=1

∆ũi(z)I(∆ũi(z) > 0)− 2τ ≤
n∑
i=1

∆ui(z)I(∆ui(z) > 0) ≤
n∑
i=1

∆ũi(z)I(∆ũi(z) > 0) + 2τ

Let’s take the lower bound and combine it with the inequality (4.29):
n∑
i=1

∆ũi(z)I(∆ũi(z) > 0)− 2τ
∀z
≤

n∑
i=1

∆ui(z)I(∆ui(z) > 0)
z∈Z(ε)
≤ ε

The first inequality holds for all z the second holds for z ∈ Z(ε), therefore the following inequal-
ity holds:

n∑
i=1

∆ũi(z)I(∆ũi(z) > 0)− 2τ
z∈Z(ε)
≤ ε
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And it actually expresses the feasibility region of the approximate OPT4, Z̃(ε+ 2τ) ⊇ Z(ε). We
get the lower bound of the feasiblity region in the same way, by using the upper bound of the
constraint expression:

Z̃(ε+ 2τ) ⊇ Z(ε) ⊇ Z̃(ε− 2τ) (4.30)

Now we need to combine the bounds for the feasibility region with the bounds on the objective
function. These bounds follow directly from the first condition of the theorem:

n∑
i=1

f̃i(z)− τ ≤
n∑
i=1

fi(z) ≤
n∑
i=1

f̃i(z) + τ (4.31)

Together the bounds on the objective function and the bounds on the feasibility region give us
the bounds on the minimum of the optimization:

g̃(ε+ 2τ)− τ ≤ g(ε) ≤ g̃(ε− 2τ) + τ (4.32)

which completes the proof of the theorem.

We cannot get the same style approximation bounds for the problems OPT1 and OPT3 be-
cause the count of unhappy advertisers is not a continuous function. If an advertiser has a very
small difference in the utilities for auctions and GD, then even small error in utility approxima-
tion can cause the change of the strategy. To prove the tight approximation rate for OPT1 and
OPT3 we need to request an extra property for the data. Namely, we need the difference between
auction and GD utilities to be large: mini,z |∆ui(z)| ≥ C > 0. If the approximation of the util-
ities is worse than C then we cannot guarantee tight bounds, if the approximation is better than
C then we immediately get the exact solution. For practical use this bound is not very useful
because C can be very small or even zero. We may never get such a good approximation of the
objective function. Still, even a method that does not guarantee a tight bound can be useful in
practice therefore we do not disregard OPT1 and OPT3.

4.3.2 Learning the Utility Function

The next question is: how to choose the approximation f̃? There are two necessary conditions:
1) the approximation should be accurate and 2) we should be able to solve OPT1-4 for the
chosen approximation. Our choice is a local linear approximation. We train two functions to
approximate each advertiser’s utility: one for the case when he selects auctions and the other one
for the case when he selects GD. Our main goal is to model the difference between these two
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cases, ∆f̃i:

f̃i,0(z) = aᵀ
i,0z + bi,0 (4.33)

f̃i,1(z) = aᵀ
i,1z + bi,1 (4.34)

∆f̃i(z) = f̃i,1 − f̃i,0 = aᵀ
i z + bi (4.35)

Without loss of generality we set aii,0 = aii,1 = 0 because the decision of the i-th player is fixed
in f̃i,0/1.

We need to fit 2n linear functions (2 per advertiser) and the number of features in each
function is n − 1. To fit the parameters a and b we generate the training data by running the
allocation algorithm Q(z) for randomly generated inputs z. One execution of the allocation
algorithm gives us one training instance for each advertiser. The dimensionality of the feature
space is large and the sampled data will inevitably be sparse (the problem is known as the curse of
dimensionality). The right choice of the sampling distribution and the use of the active learning
techniques [61] can address this problem to a degree. We use the following approach: we start
sampling uniformly, and periodically learn the approximations and solve the optimization for
these approximations, and then we start sampling closer to the current solution. This approach
allows us to get a more accurate estimate around the solution. We summarize this approach in
algorithm 1.

4.3.3 Nash Equilibrium for Linear Utility Functions
Now we explain how to solve OPT1-4 ((4.20)-(4.23)) for the linear utility functions. We provide
three different solutions: the simulated annealing [42], integer linear programming (ILP) and the
hybrid approach. Each of these methods has its pros and cons. Simulated annealing is fast and
simple, but it can get stuck in a local optimum and therefore requires multiple restarts. Also,
it requires careful tuning of the parameters (cooling schedule). ILP is guaranteed to find the
optimal solution but it is very slow. A generic ILP with binary variables is NP-complete [38].
The hybrid approach uses ILP to refine the solution obtained by the simulated annealing. This
approach allows to trade off the accuracy for the execution time.

Simulated annealing. The simulated annealing works in the following way. At each step
we select one advertiser and change his strategy. If the objective value improves we accept the
change, if the objective value worsens, we accept the change with some probability and revert
the change otherwise. The acceptance probability depends on the change of the objective (the
higher the difference - the lower the probability) and the time (probability reduces with time).
The algorithm is summarized in algorithm 2.

The problems OPT1 and OPT2 can be solved by this algorithm directly. The updates of
the objective function can be computed very efficiently. After flipping a variable zi we need to
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Algorithm 1 Learning the utility approximation
Set z∗i = 0 ∀i - initial point
Set pmax = 1
while Repeat until z∗ converges do

for Sample M training points do
select p ∼ Uniform(0, pmax)
for i = 1 . . . n do

Set zi = z∗i with probability 1− p and zi = (1− z∗i ) with probability p
end for
Add this point to the training data

end for
Re-train all the regression functions. We use lasso regression [65] that provides sparse
solution and good accuracy. Lasso minimizes the sum of squared errors regularized by
L1-norm:

min
a,b

∑
j

(f(zj)− aᵀzj − b)2 + λ (|b|+ ‖a‖1) (4.36)

here j is the summation over training instances.
Solve the optimization (covered in section 4.3.3), update z∗ with new solution.

end while

update the utilities of all the players that potentially depend on zi, i.e. the players j with aji 6= 0.
Therefore the complexity of the update is O(n). The update is even faster if the matrix A is
sparse.

The problems OPT3 and OPT4 are constrained optimization problems and cannot be solved
by the algorithm 2 directly. We use the method of Lagrange multipliers to convert these problems
to unconstrained optimization:

OPT3’ : min
z

n∑
i=1

fi(z) + λ
n∑
i=1

I(∆ui(z) > 0) (4.37)

OPT4’ : min
z

n∑
i=1

fi(z) + λ

n∑
i=1

∆ui(z)I(∆ui(z) > 0) (4.38)

These problems can be solved by simulated annealing for selected values of the Lagrange coeffi-
cient λ, i.e. the solution depends on λ: z∗ = z∗(λ). The solution of the original OPT3 and OPT4
depends on the parameter ε: z∗ = z∗(ε). To convert the solution z∗(λ) into this form we use the
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Algorithm 2 Simulated annealing, minimize g(z)

initialize z randomly
set solution z∗ = z and objective e∗ = g(z)
select p0 and T - cooling schedule parameters
for time = 1..M do

for i = 1..N do
Set z′ : z′i = 1− zi and z′j = zj ∀j 6= i
if g(z′) < g(z) set z = z′

else set z = z′ with probability
p = p0 exp(−(g(z′)− g(z))time/T )
if g(z) < e∗ then
z∗ = z and e∗ = g(z)

end if
end for

end for

dependencies between λ and ε:

ε(λ) =
n∑
i=1

I(∆ui(z
∗(λ)) > 0) for OPT3 (4.39)

ε(λ) =
n∑
i=1

∆ui(z
∗(λ))I(∆ui(z

∗(λ)) > 0) for OPT4 (4.40)

Integer linear programming. Another way to solve the problems OPT1-4 is to reformulate
them as integer linear programs (ILP) with binary variables. A generic ILP with binary variables
is NP-complete [38] and is usually solved by the branch and cut algorithm [48]2. First, we encode
the condition that the advertiser is happy as a set of linear inequalities. Recall that

∆f̃i(z) = f̃i,1 − f̃i,0 = aᵀ
i z + bi (4.41)

is the difference between the GD utility and the auction utility of the advertiser. The advertiser
is happy if either of these conditions is satisfied:[

aᵀ
i z + bi ≥ 0, zi = 1

aᵀ
i z + bi ≤ 0, zi = 0

(4.42)

2We can make use of the structure of the problems and improve the computation of the bounds in the branch and
cut algorithm. This does not affect the class of the complexity but can improve its constants.
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The first condition states that the advertiser chose GD and his GD utility is not worse than his
auction utility. The second condition states that the advertiser chose auctions and his auction
utility is not worse than his GD utility. These conditions look almost like a set of the constraints
for an integer linear program. However, the constraints of ILP should be joined by AND operator
while our constraints are joined by OR operator. An algebraic trick allows us to reformulate OR
into AND:

[
aᵀ
i z + bi ≥ 0, zi = 1

aᵀ
i z + bi ≤ 0, zi = 0

⇐⇒


aᵀ
i z + bi +mi(1− zi) ≥ 0

aᵀ
i z + bi −Mizi ≤ 0
zi ∈ {0, 1}

(4.43)

where mi and Mi are large constants that dominate the value of the constraint and guarantee its
satisfaction unless multiplied by zero:

Mi ≥ max
z

(aᵀ
i z + bi) (4.44)

mi ≥ min
z

(aᵀ
i z + bi) (4.45)

Equivalence in (4.43) is verified by substitution of zi = 1 and zi = 0. If we combine the
happiness conditions for all the players, we get the feasibility problem for the pure strategy Nash
equilibrium:

Az + b + mᵀI(1̄− z) ≥ 0
Az + b−MᵀIz ≤ 0

(4.46)

where I is the identity matrix. To allow the advertisers to be unhappy we introduce the binary
slack variables: yi = 0 if the player i is happy and yi = 1 otherwise:

Az + b + mᵀI(1̄− z + y) ≥ 0 (4.47)
Az + b−MᵀI(z + y) ≤ 0 (4.48)

Now it is easy to formulate OPT1 that simply minimizes the number of unhappy advertisers as
an ILP:

minz,y 1̄ᵀy
s.t. Az + b + mᵀI(1̄− z + y) ≥ 0
Az + b−MᵀI(z + y) ≤ 0
zi, yi ∈ {0, 1}

(4.49)

For OPT2 we replace the binary slack variables that identify the happiness with the real valued
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slack variables yi that identify the amount the advertisers lose:

minz,y 1̄ᵀy
s.t. Az + b + mᵀI(1̄− z) + y ≥ 0
Az + b−MᵀIz− y ≤ 0
xi ∈ {0, 1}
yi ≥ 0, yi ∈ R

(4.50)

We derive the ILP versions of OPT3 and OPT4 from OPT1 (4.49) and OPT2 (4.50). The objec-
tive function of OPT3 and OPT4 is the total number of clicks. It can be expressed as a linear
function of the advertisers’ decisions:

min
z,y

cᵀz (4.51)

We keep all the constraints of OPT1 and OPT2. The former objective function becomes a new
constraint:

1̄ᵀy ≤ ε (4.52)
(4.53)

Simulated annealing + ILP. In the hybrid approach we use the simulated annealing to get
the approximate solution of the problem. Then we use ILP to refine this solution. This allows us
to balance the accuracy and the computation time.

The idea is that the simulated annealing can find the values of the majority of the variables
correctly. If we know the decision of the advertiser we can remove the corresponding variable
zi from the ILP. If we know the decisions of many advertisers then the ILPs formulated above
become manageable in size. Various criteria can be used to select the advertisers whose decisions
need refinement. We refine the decisions of those advertisers who are unhappy in the simulated
annealing solution.

Optional preprocessing: iterated elimination of dominated strategies. The iterated elim-
ination of the dominated strategies is a useful preprocessing step that reduces the problem di-
mensionality. It can be used with either of the optimization algorithms. The idea behind the
algorithm is that the rational players do not choose the strategy if there is another strategy that
is always better (no matter what other players choose). Such dominated strategies are removed
from the search space. The process is repeated, because in the reduced space new dominated
strategies may appear. The iterativeness has the following interpretation: the player knows that
his competitors are rational and do not play dominated strategies; the player computes his best
actions based on this knowledge.

The iterated elimination is quite useful in our setup because there are lots of players with
dominating strategies. In addition, such players can be discovered very efficiently. The player
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has a dominating/dominated strategy if either of these conditions is satisfied:

min
z

∆f̃i(z) = min
z

aᵀ
i z + bi =

∑
i

min{0, ai}+ bi > 0 (4.54)

max
z

∆f̃i(z) = max
z

aᵀ
i z + bi =

∑
i

max{0, ai}+ bii < 0 (4.55)

The first condition suggests that the strategy zi = 1 is dominant and therefore zi = 0 is dominated
and can be eliminated from the search. The second condition suggests that the strategy zi = 0
is dominant. The decision of a player becomes a constant. To update the model of utilities, we
effectively merge the column ai that corresponds to this player with the intercept term:

b′ ← ziai + b (4.56)

The downside of the approach is that by eliminating the dominated strategies we can elimi-
nate the true optimum. The reason is that in the ε-equilibrium (unlike pure and mixed strategy
Nash equilibria) the players are allowed to be irrational. We use this preprocessing in our ex-
periments because its error is low compared to the errors introduced by other components of the
pipeline: click predictions, utility approximation and the approximate optimization algorithms.

4.4 Results
To evaluate our approach we use the dataset from chapter 2, described in details in section 2.7.
Our model consists of two components: regression to approximate the utility functions and Nash
equilibrium algorithm for linear utilities. We will evaluate each component independently as
well as the end-to-end system.

4.4.1 Model of Utilities
To estimate the local utility approximations we use 5000 data points for training, 5000 for de-
velopment (cross validation) and 5000 for testing. The models that we train are local, the data
is sampled around the solution of the optimization problem (algorithm 1). We sample a sepa-
rate dataset for each of the problems OPT1-4 and for each value of the Lagrange coefficient for
OPT3 and OPT4. The training set size is selected to yield the optimal combination of accuracy
and training time. We train 5614 regression functions for each problem (2 models for each of
2807 advertisers). The dimensionality of the feature space is 2806 (the decisions of all competi-
tors). We use LASSO regression [65] trained with LARS package [27] as our learning model.
It proved to produce the best results. LASSO has a regularization parameter that determines the
model complexity. We tune this parameter on the validation set. Sparseness of LASSO solution
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Table 4.1: Utility prediction error

Model Auctions GD

Constant model 0.266 0.042
local LASSO 0.065 0.015

is beneficial to us as it leads to a sparse design matrix of ILP. We use the relative absolute error
micro-averaged for all advertisers as our evaluation metric:

Error =

∑
i,j |fi(zj)− f̃i(zj)|∑

i,j fi(zj)
(4.57)

the summation is over all advertisers and over all test instances. In addition to LASSO, we report
the results of a simple constant model, see the table 4.1. The prediction accuracy for GD adver-
tisers is much higher. It is not surprising because GD advertisers target specific click numbers
as their campaign goals. Our allocation algorithm can satisfy these goals. The prediction for the
auction advertisers is a more challenging task. This observation supports one of the motivations
of this work: the long term performance of keyword auctions is hard to control. Yet, 6.5% error
for the auction advertisers is an impressive result.

4.4.2 Optimization Accuracy

In section 4.3.3 we proposed three variants of optimization for the approximate problems OPT1-
OPT4: simulated annealing, exact ILP and the hybrid approach. ILP solves the problem exactly.
The other two methods solve it approximately. ILP is actually too slow to handle our problem
and we only report the objective of the other two methods. We report the results for OPT1 and
OPT2 in the table 4.2. The hybrid approach outperforms the simulated annealing. The results
for OPT3 and OPT4 agree with this conclusion. We do not report these numbers in the table to
maintain its readability. OPT3 and OPT4 depend on the regularization parameter λ, we would
need to report the performances for all values of lambda that we tested.

For neither of OPT1 or OPT2 we know the true objective. Is it worth trying to improve the op-
timization algorithm? We experimented with the problems of a smaller size that can be solved in
reasonable time by ILP exactly. The results of these experiments suggest that there is some space
for improvement. However, our further results for the end-to-end evaluation demonstrate that the
utility approximation error has stronger effect on the overall performance than the optimization
error. That is, the optimization results are good enough for the current level of approximation.
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Table 4.2: Minimization objective, achieved by different optimization algorithms

Similated
annealing Hybrid

OPT1 0.0061± 0.0006 0.0052± 0.0008
OPT2 54.3± 12.4 48.7± 9.8

Table 4.3: End-to-end evaluation

RL
Metric Random baseline OPT1 OPT2

Max loss (in clicks) 10,500 16,300 257 221
% unhappy advertisers 32.6% 21.5% 5.5% 8.3%
Total losses (in clicks) 53,300 34,400 2080 2227

Revenue (×107) 1.77 1.76 1.82 1.79
Clicks (×105) 4.04 3.99 4.19 4.18
Cost per Click 43.8 44.1 43.4 42.8
Delivery rate 0.866 0.842 0.835 0.832

4.4.3 End-to-end Equilibrium Evaluation

Finally we compare the performance of the whole framework. We estimate its ability to find
good approximations of Nash equilibrium. For each method we report the percentage of unhappy
advertisers (directly optimized in OPT1), the sum of losses of these unhappy advertisers (directly
optimized in OPT2) and the maximum loss of a single advertiser. The evaluation metrics are
computed exactly.

We compare different variants of our framework with the reinforcement learning (RL) base-
line [50] and the advertisers behaving randomly. The results of this evaluation for OPT1 and
OPT2 are presented in Table 4.3. As we can see our method significantly outperforms the base-
line in all equilibrium related metrics. It is surprising, that the method OPT1 performs better
than OPT2 even though it has weaker asymptotic guarantees.

The metrics that characterize the social welfare of the equilibria are reported in the rows 4-6
of Table 4.3. We use the same metrics that we used in the previous chapters: the revenue, the
number of clicks, the average cost per click and the delivery rate for GD advertisers. As we can
see both OPT1 and OPT2 find the states with very good social welfare. Neither random guessing
nor reinforcement learning allows the advertisers to converge to a good quality strategy. The
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Figure 4.2: Worst case social welfare (number of clicks) discovered by OPT3 (Left) and OPT4
(Right). The x-axis represents allowed deviation from the equilibrium. For OPT3 the deviation
is measured as the percentage of unhappy advertisers, for OPT4 it is measures as a sum of losses
of unhappy advertisers. The left-most points correspond to the solutions of OPT1 and OPT2
solutions respectively.

strategies computed by our algorithm have clear advantage. Only the search engine can discover
these strategies, the advertisers cannot do it due to the lack of information. This emphasizes
the important role of the search engine: the global optimum can be only achieved through the
collaboration of the advertisers and the search engine.

The methods OPT3 and OPT4 find the worst case social welfare (number of clicks) for a given
deviation from the equilibrium, ε. This metrics show us what can happen with the performance
if the advertisers start to explore the strategies around the equilibrium proposed by OPT1 and
OPT2. The left plot on the figure 4.2 presents the results of OPT3: the worst case social welfare
given the number of unhappy advertisers. The leftmost point on this curve corresponds to the
OPT1 equilibrium. As we deviate from the OPT1 solution the worst number of clicks drops
very fast. This result has a natural interpretation: it is enough for a few large and influential
advertisers to choose suboptimal strategies to spoil the overall performance dramatically. The
right plot on the figure 4.2 presents the performance of OPT4: the worst case social welfare
given the sum of losses of unhappy advertisers. We do not see any sudden drops of performance
as we go further from the equilibrium. If the player chooses a suboptimal strategy, but not much
worse than his optimum, than his decision won’t have strong effect on the overall performance.
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Stability is a good property of the algorithm. The lack of the measurements in the middle region
of the right plot is the result of the Lagrange method. This middle region corresponds to a very
narrow interval of the Lagrange multiplier. In other words the dual function has a singular point.

Finally, on figure 4.3 we summarize the social welfare performances of all the results above.
We align these results with the evaluation charts from the chapter 2. OPT1 and OPT2 are special
cases of OPT3 and OPT4. We can easily identify the points that correspond to OPT1 and OPT2:
they yield the highest revenue and the highest number of clicks.

To summarize our experimental findings, the equilibrium approximation framework proposed
in this chapter successfully fulfills its task. The game theoretic analysis provides more insights
into the performance of the joint auction and GD allocation algorithm. We can refine the evalua-
tion results obtained in the previous chapters. The new results strongly support our approach.

4.5 Summary

In this chapter we present a framework to find approximate Nash equilibrium for the strategic
decision between auctions and guaranteed delivery in sponsored search. This analysis allows
us to perform accurate evaluation of our allocation algorithm and to provide optimal strategy
recommendations to the advertisers.

We present two variants of equilibrium approximation that minimize the number of unhappy
advertisers (OPT1) and minimize the sum of losses of unhappy advertisers (OPT2). Further, we
introduce the formulations OPT3 and OPT4 to analyze the worst case social welfare for a given
deviation from the equilibria. The advertisers’ utility functions in our formulations cannot be
expressed in closed form. To address this complication we use local linear approximations of
these utilities. We establish the theoretical approximation bounds for the problems OPT2 and
OPT4.

The setup used in this work (several thousands of players and unknown utility functions) has
not been investigated before, therefore no representative baselines exist. We compare our equi-
libria with the equilibrium obtained by the reinforcement learning. The experiments performed
on the data obtained from Bing search engine demonstrate that our algorithm finds significantly
better approximations of Nash equilibrium.

The discovered strategic profiles have high social welfare: both the total number of clicks and
the revenue of the search engine. This means that there exist states that are jointly beneficial for
the search engine and the advertisers. Of course, the advertisers cannot arrive to such states due
to the lack of information, as demonstrated by the reinforcement learning baseline. The search
engine, on the other hand, possesses information required to compute such equilibrium. Our
future goal is to design a communication protocol between the search engine and the advertiser
(for example, through feedback reports and recommendations) that allows the system to arrive to
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Figure 4.3: OPT1-4 equilibria performance measured for the selected metrics: the revenue, the
number of clicks, the cost per click and the delivery rate. The solid curve corresponds to chapter 2
evaluation for random advertisers. The red point that stands out from the cluster corresponds to
OPT1.
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the desired equilibrium.
The framework proposed in this chapter is not specific to the ad allocation algorithm. It can

be used to analyze any situation when the advertisers have to make a binary strategic choice, for
instance, selection between two advertising platforms. In future we plan to extend the algorithm
to multi-choice situations and to mixed strategy Nash equilibrium.
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Chapter 5

Wind farm layout optimization

5.1 Introduction

In this chapter we investigate the problem of wind farm layout optimization. What links this
problem to the previous chapters is the demonstration of the generality of the hierarchical de-
composition technique.

Due to the significant increase of the energy consumption the renewable energy became a
hot topic in the last decades. For instance, the worldwide generation of wind energy is growing
at 20-25% annually [8]. As of 2010 the wind energy accounted for 2.5% of the overall energy
production [5]. Increasing the economic efficiency of wind energy production is one of the
major goals of the industry. We apply the hierarchical optimization technique to find the optimal
placement of the wind turbines and to generate the maximum power output. We address several
serious limitations of the existing techniques: the exponential complexity and the inferior model
of the power output.

A typical wind farm consists of multiple wind turbines with some infrastructure (roads, ca-
bles, etc.) The number of turbines in a farm can vary from one to hundreds. To limit the costs
of the land and the infrastructure the turbines should be packed compactly in the regions with
strong and consistent wind. The availability of such regions is also limited. The turbines cannot
be placed too close to each other because of their physical dimensions (around 100 meters in
diameter for commercial 2-3 MWatt turbines) and because of the wake effect, i.e. the reduc-
tion of the wind speed caused by the turbines. Finding the best locations for the turbines poses
a complex constrained optimization problem. What makes this problem so challenging is the
interference of the turbines due to the wake. First of all, encoding such interference into an
optimization problem leads to combinatorially complex solutions. Second, the accurate power
output models that account for the wake losses are usually too complex to be used in the opti-
mization directly and therefore less accurate linear superposition models are used in the existing
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optimization approaches. In this work we address these two unsolved problems and introduce a
new hierarchical decomposition algorithm. We segment the wind farm location into multiple re-
gions and formulate the master optimization problem that decides how many turbines to install in
each of these regions. The allocation of the turbines inside each region is done independently of
other regions by a child optimization program. The master problem takes into account the power
output of each region and the interference between regions. Such decomposition provides great
potential for parallelization and significant reduction of the problem dimensionality and hence
addresses the first issue, the scalability. To address the second problem, namely the complexity
of the power output models, our solution incorporates the accurate power model to compute the
output of each child problem and to compute the interference between every pair of regions. We
still use the linear superposition model compute the aggregate effect of several regions. We test
our solution for wind farms located on flat terrains.

Little work has been done on optimization frameworks for the wind farm layouts. However,
the importance of the effective and efficient optimization solutions is acknowledged by other
researchers [28, 29, 60]. Currently most decisions in the industry are made in an adhoc manner
using very simple rules that lead to regular rectangular layouts. Such adhoc decisions can lead to
bad decisions even for simple one turbine layouts. For example, a township had to give up a wind
turbine due to insufficient wind [57]. Needless to say, the layouts for multi-turbine farms chosen
is this manner are very likely to be suboptimal. The existing principled solutions mostly rely on
the heuristic optimization algorithms: genetic algorithms and simulated annealing (e.g. [49])1.
More recent approaches are based on integer linear programming (ILP) and mixed integer linear
programming (MILP) [24, 29]. The idea is to select the locations of the turbines from a finite
set of the nodes of a coordinate grid, presence or absence of a turbine in the node is modeled
by a binary variable. However, these methods do not scale. The major problem is the wake
effect: each turbine extracts energy from the wind and therefore reduces the wind speed behind
it. Modeling the wake in the ILP greatly increases the number of variables and the constraints:
the number of “wake” variables is quadratic with the number of the nodes of the grid. In [29]
the authors formulate the wake component of the model, but mainly test their approach without
it. In [24] the authors restrict the wake effect to the direct proximity of the turbine. The neglect
of wake or the short-distance wake simplifies the problem, but loses much of the purpose of the
optimization. The other limitation of the ILP solutions is the unavoidable tradeoff in the selection
of the grid density. High density grids allow more accurate placement of the turbines but increase
the number of the variables making the problem not tractable. Finally, the existing solutions rely
on a non-accurate linear superposition wake model (in order to apply linear programming). In
our experiments we have discovered that this model is reasonably accurate for small farms with

1This is likely to be true for commercial solutions as well, though their algorithmic details are not always avail-
able. For instance, [29] describes a greedy heuristic approach used in a popular package WindPro 2.6 (The current
version is 2.9 http://www.emd.dk/WindPRO/Frontpage).
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Figure 5.1: Left: horizontal axis offshore wind turbine. Right: vertical axis wind turbine. Images
source: http://en.wikipedia.org/wiki/Wind turbine.

few turbines, but fails for large farms with densely installed turbines.
In this work we address the limitations of the existing ILP solutions mentioned above. Our

hierarchical solution gives us the opportunity to model the other important factors not considered
in the previous solutions. One of such factors is the periodical (daily, seasonal) variation of wind
direction. Most large modern wind turbines can adjust to wind direction (yawing) and the wind
farms optimized for the single prevalent wind direction become sub-optimal. Another factor is
mixing the turbines of different types in a single farm. For instance, installation of the turbines of
different heights can reduce interference. This extension can be handled by our solution, though
we use the turbines of one type in our experiments.

The chapter is organized in the following way. In section 5.2 we provide the necessary
background on the wind farm modeling and the related work. In section 5.3 we describe our
optimization algorithm. We report our experimental results in section 5.4 and summarize the
work in section 5.5.

5.2 The Essentials of Wind Energy

In this section we give the necessary background on the wind energy. We describe the properties
of wind, the characteristics of a typical commercial wind turbine, and the popular models of wake
that we use in our solution. We also outline the existing ILP solution that becomes a component
of our framework.
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Figure 5.2: Power curve, power coefficient (Cp) and thrust coefficient (Ct) of a 2MW wind
turbine (Bonus Energy A/S) [2]

5.2.1 A Wind Turbine

A wind turbine is the main building block of a wind farm. A turbine can have horizontal axis
construction (left of figure 5.1) or a vertical axis construction (right of figure 5.1). The vertical
axis turbines do not require alignment with the wind but due to technological limitations are not
used in large wind farms. The horizontal axis turbines, used in the most large wind farms, must
be pointed into the wind for the maximum power output. Modern turbines usually have a motor
to rotate them around the vertical axis.

The main parameters of a wind turbine are its cost, physical dimensions and the power output
function. The cost includes the costs of the turbine itself, its installation and the maintenance.
The budget is always one of the optimization constraints. The physical dimensions of a turbine
determine the placement constraints and the geometry of the wake. The diameter of the rotating
part (the rotor) usually ranges from 70 meters to 150 meters. The minimum distance between
turbines is usually taken as 3-5 rotor diameters.

The power output of a turbine is a function of the wind speed. The output of the turbines
used in most large wind farms ranges from 1.5 MW (Megawatt) to 3 MW. The curve is usually
characterized by the cut-in wind speed - when the turbine starts generating energy; the cut-out
wind speed - when the turbine is shut down due to the safety reasons; the nominal wind speed -
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Table 5.1: Specifications for a 2MW Bonus Energy A/S turbine.

Hub Height 60m
Rotor Diameter 76m

Area Swept 4526m2

Cut-in Speed 4m/s
Cut-out Speed 25m/s

Standing Thrust Coefficient 0.158

the speed at which the turbine starts generating the nominal power output. When the wind speed
exceeds the nominal wind speed the controller adjusts the pitch of the blades to keep the power
output equal to the nominal output. A typical power generation curve is displayed in figure 5.2.
Another characteristic of the turbine, displayed in figure 5.2, is the thrust coefficient (Ct). We
do not give the detailed explanation, in simple words, this coefficient measures the proportion of
the energy extracted from the stream and is used in the model of the wake discussed further in
the section. In the experiments we use the parameters of a representative 2MW turbine from [2],
table 5.1.

5.2.2 Wind Speed and Direction

The power output of the wind farm depends on wind speed and direction. To optimize the wind
farm layout it is essential to know the distribution of wind speed and direction over time. Prior
to the installation of the farm the territory is monitored for the wind conditions for at least one
year. This gives sufficient information about daily and seasonal variations of wind speed and
direction. The distribution of the wind speed over time can be approximated by the Weibull
distribution [70] (figure 5.3) with the following density function:

f(v|λ, k) =

{
k
λ

(
v
λ

)k−1
e(v/λ)

k
v ≥ 0

0 v < 0
(5.1)

Varying wind direction can affect the optimal layout of a farm. It is not uncommon for the wind
to blow uniformly within a wide interval of directions. For instance, in the location investigated
in [28] the wind is equally strong throughout a year in a 90-degree sector (from North-West to
South-West). Many existing solutions assume one prevalent wind direction. These solutions
became too limited with the spread of the wind turbines with yawing ability.

Finally, wind speed may vary from one location to another location of the same farm, espe-
cially within the onshore wind farms located on rough terrains, e.g. mountain ridges. Landscape,
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Figure 5.3: Distribution of wind speed for all of 2002 at the Lee Ranch facility in Colorado [31].
The histogram shows measured data, while the curve is the Weibull model distribution for the
same average wind speed and k = 2.

buildings and even trees can affect the wind speed. For flat surfaces and offshore farms the wind
speed is usually considered to be uniform over the location.

5.2.3 Jensen’s wake model

A wind turbine extracts energy from an air flow, which results in reduction of the wind speed
in the downstream. The wind deficiency due to the turbine interference is called wake. The
wake effect can result in 10-20% losses of power production. This is a significant amount and
it is important to incorporate the model of wake into the layout optimization. Unfortunately,
installation of each turbine affects the wind speed around it and consequently affects the power
output of other turbines in the area. This leads to complex interdependencies between turbines.
These interdependencies are the major reason for complexity of the layout optimization problem.

A number of wake models of various complexities exist: from the solutions based on com-
putational fluid dynamics to simple heuristic formulas. In this work we use Jensen’s wake
model [36]. It is a simple model that fits the measurement data very well, in fact, according
to [63], this model outperforms several more complex alternatives. Its simplicity allows us to use
it in the optimization. The Jensen’s wake model assumes that the wake region spreads linearly
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Figure 5.4: Left: Jensen’s wake model. U0 - unaffected wind speed, Ut - the wind speed at
downstream location, D - the diameter of a rotor, x - distance from the turbine, affected cross
section area extends linearly: Daff = D + 2kx. Right: Superposition of several wakes.

behind the turbine and the wind deficiency reduces with the distance from the turbine at a square
rate, left of figure 5.4. According to the Jensens model, the wind speed in the wake is reduced
by:

∆U = U0 − Ut = U0
1−
√

1− Ct(
1 + 2kX

D

)2 (5.2)

The parameters of the model are summarized in table 5.2. The computation of the superposition
of multiple wakes (right of figure 5.4) can be done in multiple ways. Linear superposition models
and quadratic superposition models are often used:

∆U =
N∑
i=1

∆Ui (5.3)

∆U2 =
N∑
i=1

∆U2
i (5.4)

where ∆Ui is the deficit of each wake, computed with single wake Jensen’s model (5.2). Lin-
ear superposition is easier to model, this is especially important for linear programming based
solutions (they are all based on this assumption). However, the sum of squared deficits (5.4),
proposed in [40], is much more accurate. We will use the quadratic model to compute the ref-
erence power output of the layout. We also use it for several components of our optimization
algorithm and this is one of the contributions of this work. Compared to the squared model, the
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Table 5.2: Parameters of Jensen’s wake model

U0 unaffected wind speed
Ut downstream wind speed
Ct thrust coefficient of the turbine
k wake decay coefficient
X distance downstream
D diameter of upstream turbine

linear model, used in the baseline optimization approaches, overestimates the wake loss. This
overestimation leads to some negative unexpected effects that we discuss in the results section.

Wake decay coefficient, k, has a strong influence on the outcome of the model. This co-
efficient characterizes how intensively the wind streams mix with each other in the wind farm
location. The coefficient depends on multiple factors: surface temperature, air temperature,
roughness of the surface, turbulence etc. Larger value of k means faster decay, i.e. the wake
mixes with the ambient wind faster. Most of the times the value lies between 0.03 and 0.08 and
it is almost impossible to predict it with higher accuracy. The values of open land wind farms are
usually higher and the values for offshore farms are lower. For instance, the default values in the
commercial software WindPRO are respectively 0.04 and 0.75 [63]. However, the study of sev-
eral wind farms in [63] shows that this assumption may be wrong. The problem of choosing the
right value of k is orthogonal to the problem that we solve in this chapter, unless stated otherwise
we use k = 0.04 more typical for the offshore farms.

The wake effect can result in 10-20% losses of power production in a typical wind farm. To
give a better quantitative understanding of power losses in the wake and the range of the wake,
we perform a simple case study. We investigate the wake produced by a row of 33 turbines. The
distance between turbines is 300 meters and the whole row is 10 kilometers in length. The wind
blows at a constant speed of 10 m/s in the direction orthogonal to the row. To get a smooth realis-
tic image we allow the wind direction to vary from -10 to 10 degrees from the main direction. We
use the turbines mentioned above (table 5.1), the decay coefficient k is set to 0.04. In figure 5.5
we show the map of the wind speed loss. The wake is quite noticeable even several kilometers
away from the row. In the right part of the same figure we measure the power loss (solid line) of
a turbine installed in the affected area at a certain distance from the row. At 5 kilometers away
from the row the loss in power production is 2.5%. We compare the loss inflicted by a row of
turbines with the loss, inflicted by a single turbine (dashed line). As we can see, the two curves
differentiate at 1km (when the wakes begin to overlap). At 5km the power loss inflicted by a sin-
gle turbine is approximately 0.6%. This example demonstrates the importance of modeling the
long-distance global interference between the turbines as opposed to local interference adopted

94



0 1000 2000 3000 4000 5000

0
20

40
60

80

Power loss in wake

distance [meters]
%

 p
ow

er
 lo

ss

Row of turbines
Single turbine

Figure 5.5: Left: a wind map for the wake, generated by a row of 33 turbines, the distance
between the turbines is 300 meters. Right: The power loss of turbine installed in the wake of the
row of turbines (solid line) or in the wake of a single turbine (dashed line). The wind speed is 10
m/s, the direction ranges from -10 to 10 degrees.

by many existing solutions.

5.2.4 Integer Linear Programming for Layout Optimization
Recently, integer linear programming became a popular optimization technique for wind farm
layout optimization [24, 29, 60]. Compared to simulated annealing and genetic algorithms of-
ten used for wind farm optimization, ILP has stronger theoretical foundation. ILP is attractive
because it provides quite rich modeling abilities and multiple out of the box solvers. On the
other hand, ILPs with binary variables belong to the class of NP-complete problems. This means
that they are very likely not solvable in polynomial time. Whether the practical problem can be
solved in reasonable time depends on its size and structure. Our analysis of realistic wind farm
setups suggests that the layout cannot be efficiently optimized with a generic ILP.

We outline the main ideas of the ILP approach and demonstrate its limitations now. A detailed
derivation of this model as a part of our solution is given in the next section. ILP finds the optimal
location of the turbines on a discrete coordinate grid. Each binary variable xi corresponds to a
node in the grid and tells whether this node has a turbine. The objective of the optimization is
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the power output of the farm. The wake affects the power output of the turbines. If the turbine in
the node i affects the turbine in the node j, then then power output of the turbine j is reduced by
a constant value aij (computed by Jenson’s formula 5.2). If several turbines affect the turbine in
the node j, then the effect on the power output is assumed to be additive (the assumption about
the linear superposition of wakes in action): ai1j + ai2j + .... The linear program is formulated
in the following way:

max
x,y

∑
i∈Nodes

cxi −
∑

{i,j}∈Edges

aijyij (5.5)

s.t. yij ≥ xi + xj − 1 ∀{i, j} ∈ Edges∑
i∈Nodes

xi ≤ N

xi, yij ∈ {0, 1}

In the formulation above the objective is the sum of unaffected turbine outputs (c is the output of
an unaffected turbine) minus the interference penalties. The edges {i, j} denote potential turbine
interference, i.e. the node j is located in the wake of the node i. The constraints guarantee that
yij = 1 when both nodes have the turbines, i.e. the interference actually happens, and yij = 0
otherwise. The last constraint limits the number of the turbines. Some minor modifications are
common in this formulation, for instance, the proximity constraints, i.e. two turbines cannot be
installed in the adjacent nodes. The following is the list of limitations of this model:
• The accuracy of the allocation is determined by the resolution of the grid. Higher resolution

leads to more nodes and larger dimensionality of the problem.
• The number of the edges corresponds to the number of interfering nodes and is even more

critical for the problem size and tractability. Usually, to make the problem solvable only
short range interference is considered, not further than several diameters of the turbine. As
we saw in the case study above this assumption is far from being realistic.

• The penalty coefficients aij depend on the ambient wind speed through the thrust coeffi-
cient Ct which depends on the wind speed, figure 5.2. The existing works assume that the
wind speed is constant.

• Constant wind direction is also assumed.
• The penalty caused by the overlapping wakes is additive. As we mentioned earlier, the

additive model is not accurate.
The first four limitations are directly related to the scalability of the solution. We address

those issues with our hierarchical optimization approach. In order to demonstrate that the scala-
bility is actually a problem, we perform another case study. We specifically want to emphasize
the effect that the wake model has on the accuracy and the computation time. The setup is the
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Figure 5.6: The objective of the ILP optimization for different wake distances. The reference
power output is computed with the exact Jensen’s model. On the right are the timings for different
settings. The optimization for r > 500 did not complete and was forcefully terminated after
22,000 seconds.

following, we use a 9 by 9 coordinate grid, the resolution is 100 meters, i.e. the whole region is
800 by 800 meters. The resolution is comparable with the diameter of the rotor (76 meters). This
is a reasonable choice, i.e. the accuracy of the placement is approximately equal to the size of the
turbine. The wind speed is constant (10m/s), but has two possible directions: south 50% of the
time and west 50% of the time. To investigate the influence of the wake model in the formulation
above, specifically the maximum wake radius, we compare the optimization objective with the
actual power output computed with the exact Jensen’s wake model (reference output). Ideally,
the objective and the true output should be the same. In reality the objective of the ILP is not ac-
curate because of the simplifications listed above. As we increase the maximum wake radius, the
optimization becomes more accurate and the reference power output increases, see the figure 5.6.
Up to a certain point (400 meters) there exists a non-penalized ILP solution that the optimizer
finds in a fraction of a second (see the timing statistics on the right of the figure 5.6). When the
interference radius is more than 400 meters, the non-penalized solution does not exist anymore.
The running time increases immediately from 0 to 1,571 seconds. After 500 meters the computa-
tion time increases even further. In fact, after 22,000 seconds the solver was still running and we
terminated it forcefully. Figure 5.7 demonstrates how the turbine allocation looks for different
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Figure 5.7: The allocation of the turbines for different maximum wake radius in the case study:
0-100m on the left and 400-500m on the right. The color map measures the wind speed loss in
percent.

wake radiuses. We learn several important lessons from this case study. First, modeling long
distance interference is essential to achieve high power output. Second, the computation time for
longer interference increases exponentially fast. This motivates our novel solution, presented in
the next section.

5.3 Optimization Algorithm

The algorithm presented in this section is based on the idea that short-distance interactions and
long distance interactions can be modeled differently. The long distance interactions describe
the interference between the clusters of turbines, while short-distance interactions describe the
interference between turbines within the cluster. We also formulate these two types of interfer-
ences using hierarchical optimization framework, in a way, similar to the ad allocation problem.
The master problem decides how many turbines to install in a specific region; the children prob-
lems decide how to allocate the turbines within this region. We will first describe the model for
short distance interactions which is an extension of the integer linear programming approach,
presented in the previous section. Then we describe the model for long distance interactions and
our hierarchical optimization approach.
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Figure 5.8: Coordinate grid. Each node of the grid is a candidate location for the turbine. In-
stallation of the turbine in the candidate location i affects other nodes. The nearby nodes (red)
cannot have turbines, the blue nodes are affected by the wake, and the grey nodes are unaffected.

5.3.1 The Model for Short Distance Interactions

The formulation for the short distance interactions is based on ILP the model, outlined in the
previous section. We start with a simple case: the wind speed and the wind direction are constant:
u. The locations for the turbines are selected in the nodes of a grid, see figure 5.8. We deal with
a limited number of candidate turbine positions: the nodes i = 1..N . A binary variable xi = 1
if there is a turbine in the node i and xi = 0 otherwise. We define a set of the wake interference
edges W in the following way: if the node j is located in the wake generated by the turbine
installed in the node i, then the edge eij ∈ W . The goal is to represent the power output of the
farm as a function of variables xi. Jenson’s wake model (5.2),(5.3) allows us to compute the
wind speed ui for each node:

ui = u

1−
∑

j:eji∈W

1−
√

1− Ct
(1 + 2klji/D)2

xj

 (5.6)

In the formulation above the wind deficiency depends on all upstream nodes j that can potentially
affect the node i (i.e. eji ∈ W ) and that have the turbine installed (i.e. xj = 1). The thrust
coefficient Ct depends on the ambient wind speed u, as it can be seen from the figure 5.2. The
value of lji is determined by the geometry of the grid and the wind direction.

The power output of a turbine for a given speed ui is computed using a reference table pro-
vided by the manufacturer, figure 5.2. For small variations of the wind speed, caused by the
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wake, the power output function can be considered linear:

power(ui) = p− α
∑

j:eji∈W

1−
√

1− Ct
(1 + 2klji/D)2

xj (5.7)

Here p is the power output of the unaffected turbine for the ambient wind speed u and α is the
slope coefficient. To simplify the expression we introduce the following notation:

aji = α
1−
√

1− Ct
(1 + 2klji/D)2

(5.8)

power(ui) = p−
∑

j:eji∈W

ajixj (5.9)

We maximize the power production of the whole farm that is the sum of the power production of
the individual turbines:

max
x

∑
i

pxi −
∑
eji∈W

ajixixj (5.10)

s.t.
∑
i

cixi ≤ C

xi ∈ {0, 1}

The constraint represents the budget limit, ci is a cost of the turbine installation for the node i.
We get rid of a non-linear term xixj by replacing it with a new binary variable yij which is equal
to one only if both xi and xj are equal to one:

yij ≥ xi + xj − 1 ∀eij ∈ W (5.11)

Usually, the hard proximity constraints are added to limit the minimal distance between the
turbines:

xi + xj ≤ 1 if Distance(i, j) ≤ R (5.12)

Essentially, this derives the existing ILP formulation (5.5).

Variable wind speed

The formulation above can be extended for the variable wind speed if we know the distribution
of the wind speeds over time: P (u). The objective function of the formulation (5.10) has the
coefficients p and aji that depend on the wind speed and the variables xi that do not depend
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Figure 5.9: Wake of a single turbine for a constant wind direction (left) and non-constant wind
direction (right).

on the speed. To extend the formulation it is sufficient to take the expectation of the objective
function with respect to the distribution of wind speeds:

Eu

∑
i

p(u)xi −
∑
eji∈W

aji(u)xixj

 =
∑
i

Eu[p]xi −
∑
eji∈W

Eu[aji]xixj (5.13)

The expectations Eu[p] and Eu[aji] for a given distribution are computed using the numeric
integration. This procedure affects the values of the coefficients and does not affect the structure
of the optimization problem.

Variable wind direction

The problem can be easily adjusted for the variable wind direction just like for the variable
wind speed. Conceptually, we take the expectation of the objective function over possible wind
directions. However, considering multiple wind directions greatly increases the number of the
interference edges eij ∈ W , see figure 5.9. Solving such a problem using the traditional approach
becomes prohibitively expensive.

Mixing the turbines of differen types

Mixing the turbines of different types in one setup is an interesting approach that is often over-
looked. The ILP formulation above is general enough to model this opportunity. Again, the
computational efficiency is the major bottleneck. The number of variables and the constraints
increases linearly and quadratically with the number of turbine types.
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Figure 5.10: The interaction of the clusters of the turbines.

5.3.2 The Model for Long Distance Interactions
The separation of long-range wake interactions from short-range wake interactions is the key
idea that allows the formulation of hierarchical optimization. Essentially, the penalty aij for a
pair of interacting turbines does not change much for minor placement variations, as long as
these variations are small compared to the distance between the turbines. A similar idea was
formulated as a potential future direction in [29] but for a different goal. In [29] the author
proposed to make small adjustments for the placement of each turbine, assuming that the wake
is approximately constant within this micro-management region. We use this idea to macro-
manage the clusters of turbines. We model the interactions of two regions as the interaction
of the clusters of the turbines, rather than the interaction of individual turbines, figure 5.10.
Essentially, we replace multiple individual wakes with a single wake inflicted by the cluster.
This wake depends only on the number of the turbines, installed in the cluster. The variable wind
speed actually helps since it acts as a natural smoothing factor and justifies the averaging.

Let us express the power output deficiency caused by the interaction of two clusters C1 and
C2:

P (C2) = P0(C2)− α
∑
j∈C2

xj

√√√√√∑
i∈C1
eij∈W

(
1−
√

1− Ct
(1 + 2klji/D)2

)2

xi (5.14)

The power output of the cluster C2 is denoted by P (C2). The unaffected output of the cluster,
P0(C2), is computed using the model for close-range interactions. Note, that for long distance
interaction we use a quadratic superposition model (5.4) which is more accurate than the linear
model. We use quadratic model to model the wakes produced by the turbines of one cluster
and liner model to combine the wakes produced by multiple clusters. The unaffected power
production of a cluster Po(C) only depends on the cluster internal structure and is not coupled
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with the second term. This is very convenient because this function can be computed once and
then reused in the optimization.

According to our assumption the relocation of a turbine within cluster is not significant,
therefore we replace the distance between the turbines in different clusters lij with the average
cross-cluster distance l. This simplifies the power output function:

P (C2) = P0(C2)− a
∑
j∈C2

xj

√∑
i∈C1

xi (5.15)

a = αβ
1−
√

1− Ct
(1 + 2kl/D)2

(5.16)

The special discounting factor, β ≤ 1, is required when the wake from the cluster C1 does not
cover the whole cluster C2. To compute this discounting factor we assume that each position in
the cluster has equal chance to have a turbine. We take the expectation of the interaction under
this assumption. For example, if the wake covers only half of the cluster C2 then it is likely that
half of the turbines will be affected and the coefficient is 0.5. This coefficient also discounts the
power penalty if not every turbine in the first cluster interacts with the second cluster. Formally,
this coefficient is computed as:

β =
1

|C2|
∑
i∈C2

√
nj/|C1| (5.17)

where nj is the number of the nodes in the cluster C1 that interfere with the node j in the cluster
C2.

Note, that the interference between the clusters in (5.15) only depends on the number of
the turbines in each cluster. We can now formulate the hierarchical optimization for wind farm
planning.

5.3.3 Hierarchical optimization
The formula (5.15) gives us the power output of the cluster of the turbines. The unaffected power
output of the cluster P0(Ck) is the solution of the within cluster maximization problem the power
output only depends on the number of turbines installed in this cluster, zk:

Po(zk) = max
x

∑
i

pxi −
∑
eji∈W

ajixixj (5.18)

s.t.
∑
i

xi ≤ zk

xi ∈ {0, 1}
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Note, that the within cluster optimization uses the inferior linear superposition model. However,
after the locations of the turbines in the cluster are chosen, we refine the power output with a
more accurate model: in this work we use the quadratic superposition model. The objective of
the layout optimization is the aggregate power output of all the clusters:

max
z

∑
k∈Clusters

P0(zk)−
∑

k,m∈Clusters

amkzk
√
zm (5.19)

s.t.
∑

k∈Clusters

zk ≤ N

The latter problem is the master optimization problem; the former is the child optimization prob-
lem. The number of the variables is not very large and we use the coordinate decent to optimize
the master problem. The function P0(zk) is computed empirically as a solution of the combina-
torial child optimization problem, you can see the plot of this function in the figure 5.11. Minor
optimization errors and combinatorial effects in the computation of P0(zk) can lead to numerous
local extrema of the master objective function (this actually happened in our experiments). To
address this problem we approximate it with a quadratic polynomial. It allows us to compute the
gradient with respect to zk:

∂P

∂zk
= P ′0(zk)−

∑
m∈Clusters

amk
√
zm −

∑
m∈Clusters

akm
zm

2
√
zk

(5.20)

At each iteration we choose the variable with the highest gradient and the variable with the
smallest gradient and reassign the turbines from the second cluster to the first cluster. If the
budget constraint is not active we can simply add the turbines to the cluster with the highest
gradient. Since only integral solutions are allowed, we can replace the gradient with function
increments:

P ′+ = P (zk + 1)− P (zk) (5.21)
P ′− = P (zk)− P (zk − 1) (5.22)

and add turbines to the cluster with the highest positive increment P ′+ and remove them from the
cluster with the lowest negative increment P ′−. The objective function may or may not be concave
(depending on the coefficients). Multiple restarts and/or randomized steps can be beneficial. In
our experiments non-concavity never created serious issues.

5.4 Results
We test our model on a 10km by 10km region segmented into a 10 by 10 grid. Each segment
of a grid is a 1km by 1km region and represents the cluster of turbines optimized by a child
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Figure 5.11: The power output computed with two different wake models: the linear model used
in the baseline and a more accurate quadratic model used in our algorithm. The straight line
shows potential unaffected output when there is no wake interference.

problem. Each cluster is in turn split into a 10 by 10 grid (100 meters between the nodes). That
is, the farm has 10,000 candidate locations for the turbines. The wind speed varies uniformly in a
[-45,+45] degrees sector. To integrate the objective function over varying wind speed directions
we discretize the whole range into 100 intervals (less than 1 degree per interval). The turbines
cannot be placed closer than 300 meters from each other. This is approximately four times the
turbine diameter and is a standard guideline for the minimal distance.

We compare our hierarchical approach with the flat ILP baseline. Let us first report our
findings concerning the behavior of the flat baseline. We will then report the results of our
algorithm and compare it with the baseline, using the objective evaluation metrics.

Flat ILP baseline

The flat baseline has two major drawbacks: scalability and overestimation of the wake effect. In
our experiments we have discovered that there are two very distinctive behaviors of the algorithm:
when either the first or the second effect dominates. This mode depends on the combination of
two factors: the size of the wind farm and the wake radius used in the model. Let us explain
the nature of this effect. When the number of the turbines in the farm reaches certain density,
the wake penalty for each additional turbine becomes greater than the power that this turbine
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produces. Effectively, the wake model imposes a hard constraint on the smallest average distance
between the turbines. This is true for any wake model, but the linear wake model used in the
baseline overestimates the wake and this threshold distance becomes large. The larger the farm
- the larger this threshold distance is. The difference in the wake models for a small farm is
demonstrated in the figure 5.11. For larger farms the saturation of the power output occurs for
much smaller density of the turbines. Practically, this threshold doesn’t allow the optimizer to
place the turbines too close to each other (on average). In the baseline solution this effect is partly
compensated by the restricted wake radius. If the wake radius is smaller than the threshold, then
the wake radius essentially becomes a hard constraint in the baseline optimization. If the wake
radius is larger than the threshold, then the wake radius remains a soft constraint. Hard proximity
constraints are much easier to satisfy, the problem becomes equivalent to packing as much balls in
a box, as possible. The baseline ILP can solve this problem reasonably efficiently. The problem
with soft constraints is much harder. We have already demonstrated it on the figure 5.6 in the
section 5.2: the wake radius of 500 meters is the threshold point of that setup and it separates
two behaviors of the algorithm.

The implication of this effect for the baseline is the following: the baseline either uses wake
radius as a hard constraint or the problem becomes prohibitively expensive to solve. Our experi-
ments confirm this observation. In the optimization of a 10km by 10km wind farm, the threshold
wake radius is somewhere between 1 and 2 kilometers, i.e. at 1 km the problem is still a packing
problem with hard proximity constraints and at 2km it becomes intractable.

Hierarchical optimization

Our hierarchical solution does not suffer from the problem above. In can place the turbines close
to each other because it uses a more accurate wake model. Particularly, it models unlimited wake
distance and does not suffer from wake overestimation. The power output is reported on the
figure 5.12. When the number of the turbines is small, all the solutions perform equally well.
However, as we explained above, the wake radius, that is less than 1km, acts as a hard constraint
for the baseline, therefore it hits the maximum possible number of the turbines much sooner than
our approach. Our hierarchical algorithm outperforms the baseline because it can find denser
layouts. The timing shown in the right of the figure 5.12 demonstrates significant advantage
of our approach. The times do not include the preprocessing steps, such as computation of
interference coefficients.

Finally, let us demonstrate the qualitative difference between our solution and the baseline.
Can it model the long-distance turbine interference effectively? The typical solutions are pre-
sented in the figure 5.13. The matrix on top of the figure shows the number of turbines per
cluster, it characterizes the density of the turbines. The flat solution is not capable of modeling
long-distance turbine interference and places all the turbines uniformly. The allocation pattern
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Figure 5.12: Comparison of the power output functions (left) and the timing (right) of our hier-
archical approach and the baseline.

of the hierarchical solution has a clear interpretation. The front rows of the farm where the wind
is the strongest are denser. As we go from left to right, the wake effect accumulates and fewer
turbines are installed to compensate for the power loss. The last row is dense again because we
do not care about the wake outside the farm. The density on the sides is also higher. In the bot-
tom of the figure the actual turbine placements are drawn. The rows in the adjacent clusters of
our hierarchical solution are not aligned with each other and the allocation looks more chaotic.
This happens because in the master optimization problem each cluster only knows the numbers
of turbines in other clusters, but not the exact locations. Such behavior can lead to locally sub-
optimal positions, especially on the borders of the clusters. The local position adjustments will
be able to solve this problem. This gives us the direction for the future work and the margin for
the algorithm improvement.

To conclude, the hierarchical optimization method proposed in this chapter fully satisfies our
expectations. It is capable of modeling long-distance turbine interference and greatly outper-
forms the baseline in both effectiveness and efficiency.
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5.5 Summary
In this chapter we presented a hierarchical optimization framework for wind farm layout opti-
mization. We purpose the following objectives. First of all, we demonstrate the advantages of the
hierarchical decomposition in different domains. Second, we address the specific limitations of
the existing wind farm layout optimization approaches: inability to model long distance turbine
interference, exponential complexity and the use of the inferior interference wake model. We
succeeded with all of these goals.

The hierarchical solution segments the location of the wind farm into multiple smaller re-
gions. The master problem of the hierarchical solution decides how many turbines to install in
each region. It takes into account the power output of each individual region and the interference
between the regions. The optimization of the turbine placement within each region can be done
independently of other regions. The power output of a region for a given number of turbines is
computed using the accurate quadratic Jensen’s wake model. The interference of any two regions
is also computed with the quadratic model. The effects of several regions are combined using the
linear superposition model. We do not restrict the range of the wake in our model. That is, we
address the following limitations of the existing solutions: inability to model the long distance
turbine interference and the use of the inferior linear model for superposition of the wakes.

Finally, the decomposition allows us to solve the problem very efficiently. We solve the
master problem with the coordinate ascent. The optimization only takes a fraction of a second
compared to hours or even days, required by the baseline solution. Most of the time is spent on
preprocessing and on solving the children allocation problems (we use the baseline solution to
do that).

Our major goal for the future work is to design an optimization algorithm to fine-tune the
solution. When the two adjacent regions are glued together in the global farm design, there
may appear locally suboptimal turbine placements, especially on the boundaries of the regions.
Addressing this issue will improve the power output and can potentially improve the visual at-
tractiveness of the wind farm.
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Figure 5.13: Top, the number of turbines per cluster of typical flat and hierarchical solutions.
Bottom, the positions of the turbines and the wind deficit map.
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